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B@ 	áK
QÒ�JË @

.�ñJ
�̄ f ′ : (R,B(R)) → (R,B(R))
�	àA
	̄ ��A�®�J ��C Ë ÉK. A�̄ f : R → R 	àA¿ @ 	X @ é 	K@ �I�. �K

@ .1
: ú
ÎK
 AÒ» R2 úÎ« 	¬QªÖÏ @ f ©K. A�JË @ Q�. �Jª 	K .2

f(x, y) =

{
x2−y2

x2+y2 , (x, y) 6= (0, 0);
0, (x, y) = (0, 0).

.�ñJ
�̄ f : (R2,B(R2)) → (R,B(R))
�	à@ �I�. �K

@ ? R2 úÎ« QÒ�J�Ó f Éë
.B(R2) úÍ@ ù
 Ò

�J 	��K A = {(x, y) ∈ R2/ y2 sin x ≥ 3} �é«ñÒj. ÖÏ @
�	à@ �I�. �K

@ .3
: ú


	G A�JË @ 	áK
QÒ�JË @
: ú
ÎK
 AÒ» 	¬QªÖÏ @ ��J
J.¢�JË @ m : P(N) → [0,+∞] 	áºJ
Ë

m(A) =


0, A = ∅;
2, A = N;

1, A ∈ P(N)\{∅, N}.

?i. �J 	J����� @ 	XAÓ ? ú
k. PA
	g �AJ
�̄ ?I. k. ñÓ �AJ
�̄ m Éë

: �IËA�JË @ 	áK
QÒ�JË @�èYËñÖÏ @ E úÎ« �èQ�
 ��ªË@ A = {∅, {1}, {2}, {1, 2}, {3, 4}, {2, 3, 4}, {1, 3, 4}} ð E = {1, 2, 3, 4} 	áº�JË
ð (úÍð B@ 	áK
PAÒ�JË @ �éÊ�Ê� 	áÓ ú


	GA�JË @ 	áK
QÒ�JË @ Q 	¢ 	�@) C = {{1}, {1, 2}} �éJ 	®Ë @ 	áÓ
∀A ∈ A : δa(A) =

{
1, a ∈ A;
0, a /∈ A

Q�. �Jª 	K .a ∈ E �IJ
k ¼@QK
X �AJ
�̄
∀x ∈ E : ϕ(x) = αχ{1}(x) + βχ{2,3,4}(x)

.α, β ∈ [0,+∞[ �IJ
k
I. �k@ .1∫

E
ϕ dδa

.δa I. k. ñÖÏ @ �AJ
�®Ë @ úÍ@ �éJ.�	� E úÎ« ϕ ÉÓA¾�K É�JÖß
 ø

	YË@
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E
ϕ dµ.
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f dµ =
∑
n∈N

f(n).

I. �k@ q ∈]0, 1[ �IJ
k g(n) = qn PAJ. �J«AK. :
��J
J.¢��∫

N
g dµ.
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Q�. �Jª 	K .1

∀n ∈ N∗,∀x ∈ R : fn(x) = n(f(x +
1
n

)− f(x)).

©K. @ñ�K �éJ
ËA�J�JÖÏ �é¢J
��. �éK
Aî 	E f ′ 	àñ» 	áÓ .�ñJ
�̄ fn : (R,B(R)) → (R,B(R)) ú
ÍA
�JËAK. ð QÒ�J�Ó fn

�	à@ 	¡kB
	à B �é�ñJ
�̄

∀x ∈ R : lim
n→+∞

fn(x) = lim
n→+∞

f(x + 1
n)− f(x)
1
n

= f ′(x)

.�ñJ
�̄ f ′ : (R,B(R)) → (R,B(R)) ©K. A�JË @
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© 	�	�
∀n ∈ N∗,∀(x, y) ∈ R2 : fn(x, y) =

x2 − y2

x2 + y2 + 1
n

.
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Aî 	E f 	àñ» 	áÓ .�ñJ
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�̄ ©K. @ñ�K �éJ
ËA�J�JÖÏ

∀(x, y) ∈ R2 : lim
n→+∞

fn(x, y) = f(x, y)

.(R,B(R)) ú

	̄ (R2,B(R2)) 	áÓ �ñJ
�̄ f i. �J 	�K


© 	�	� .3

∀(x, y) ∈ R2 : g(x, y) = y2 sinx.

é 	K B) [3,+∞[∈ B(R) 	àñ» 	áÓ .�ñJ
�̄ g : (R2,B(R2)) → (R,B(R)) é 	JÓ ð R2 úÎ« QÒ�J�Ó g ©K. A�JË @
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 �ñJ
�̄ g ð ( ��Ê 	ªÓ

.A = g−1([3,+∞[) ∈ B(R2)
: ú


	G A�JË @ 	áK
QÒ�JË @ Ég

.m(An) = 1 ð m(∪n∈NAn) = 2,∪n∈NAn = N , ú 	æ�JÓ ú 	æ�JÓ �éª£A�®�JÓ Q�
 	« An = {n} ∈ P(N)
�	à@ 	¡kB
	�Q 	® 	K ñË

m(∪n∈NAn) =
∑
n∈N

m(An)

	àñºK
∑
n∈N

1 = 2 < +∞

�éK
XYªË@ �éÊ�Ê�Ë@ 	àñ» 	��̄ A 	JK
 ùë ð∑
n∈N
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.I. k. ñÓ �AJ
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	̄
A ⊂ B �IJ
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.A ⊂ N 	áºK
 AÒêÓ m(B) = 2 ≥ m(A)
�	àA
	̄

B = N 	àA¿ @ 	X @ •: 	Q�
Ö 	ß A 	J 	K A
	̄

B 6= N 	àA¿ @ 	X @ •
;m(B) = m(A) = 0 éJ
Ê« ð A = ∅ ú
ÍA

�JËAK. ð B = ∅ ∗

.A ⊂ B 	áºK
 AÒêÓ m(B) = 1 ≥ m(A) i. �J 	�K
 B 6= ∅ ∗

:i. �J 	�K
 {An}n∈N ⊂ P(N) PAJ. �J«AK. , A 	��

@
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m(∪n∈NAn) = 0 =
∑
n∈N

m(An)︸ ︷︷ ︸
=0

;
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	YË@ m(An0) = 2 ú
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�JËAK. ð An0 = N �IJ
m�'. n0 ∈ N Yg. ñK
 ∗
m(∪n∈NAn) = 2 ≤

∑
n∈N

m(An);

ø
 X ñK
 ø

	YË@ m(An1) = m(An2) = 1 é 	JÓ ð An1 , An2 ∈ P(N)\{∅, N} �IJ
m�'. n1, n2 ∈ N Yg. ñK
 ∗

úÍ@ ½Ë 	Y»
m(∪n∈NAn) = 2 ≤

∑
n∈N

m(An);

ú
ÍA
�JËAK. .An0 ∈ P(N)\{∅, N} �IJ
m�'. n0 ∈ N Yg. ñK
 é 	KA

	̄ ∪n∈NAn ∈ P(N)\{∅, N} 	àA¿ @ 	X @ •

éJ
Ê« ð m(∪n∈NAn) = m(An0) = 1

m(∪n∈NAn) = 1 ≤
∑
n∈N

m(An).

.(N,P(N)) úÎ« ú
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ð A1 ∩A2 = ∅ ,øQ 	k@ �éêk. 	áÓ .A1, A2 ∈ A

�	à@ 	¡kB .A2 = {2, 3, 4} ð A1 = {1} © 	�	� .1

ð I. k. ñÓ (ú
k. PX) ¡J
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	æªK
 AÜØ A1 ∪A2 = E

é 	JÓ∫
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ϕ dδa = αδa(A1) + βδa(A2) =
{

α, a ∈ A1;
β, a ∈ A2.

A 	JK
YË .2∫
E

ϕ dµ = αµ(A1) + βµ(A2) = αcard(A1) + βcard(A2) = α.1 + β.3 = α + 3β.
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: É¾ ��Ë@ úÎ« f

�éK. A�J» 	áºÖß
 é 	K@ 	¡kB
f =

∑
n∈N

f(n)χ{n}.

©K. A�K χ{n}
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 	��®Ë@ I. �k .I. k. ñÓ XY« f(n) 	àñ» I. k. ñÓ fn∫
N

f dµ =
∫

N

∑
n∈N

f(n)χ{n} dµ =
∑
n∈N

f(n)
∫

N
χ{n} dµ =

∑
n∈N

f(n)µ({n}) =
∑
n∈N

f(n).1 =
∑
n∈N

f(n).
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g dµ =
∑
n∈N

qn =
1

1− q
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�Y	Jë �éÊ�Ê� ¨ñÒm.× ñë µ I. k. ñÖÏ @ �AJ
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�JËAK. ð


