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01 ��C Tlsls�� ��

�y\� {||v||X+Y = infv=x+y(||x||X + ||y||Y ) x ∈ X, y ∈ Y } ¨�At�� �ybWt��  � �Ab�³ :�¤±� �§rmt��

Y� ±� d�l� zymm�� Ty}A��� �m`tsnF

:Ty�At�� ��wW��� ¨� �Rw�  A¡rb��

∀ v ∈ X + Y ||v||X+Y ≥ 0 ? -

An§d�

‖x‖X ≥ 0 � ‖y‖Y ≥ 0;

 Ð�

‖x‖X + ‖y‖Y ≥ 0;

¢n�¤

inf
x∈X,y∈Y

(||x||X + ||y||Y ) ≥ 0;

‖v‖X+Y = 0⇔ v = 0 ? -

�S�

‖v‖X+Y = inf A, ù A = {||x||X + ||y||Y : v = x+ y}

‖v‖ = 0 .i inf A = 0  � |rf� ,v ∈ X + Y �ky� ⇒) .(1)

¨�At�A� �Rw� Y� ±� d�l� zymm�� Ty}A���

(∀ε > 0 ∃ zε ∈ A �.�: zε < inf A+ ε).

.zj < 0 + 1
j = 1

j :�y�� ∃zj ∈ A ,  Ð� .ε = 1
j CAt�� ,j ∈ N∗ �ky�

�kK�A� 	tk� zj ¤ zj ≥ 0  � �l`�

zj = ‖xj‖+ ‖yj‖, xj ∈ X, yj ∈ Y ∀j ∈ N∗.

�@k¡

(1) ∀j ∈ N∗, 0 ≤ ||x||X + ||y||Y <
1

j

,∀j ∈ N �� ��� �� v = xj + yj ¢�� �l`�¤

Yl� �O�t� (1) T� A`m�� ¨� T§Ahn� rm�

‖xj‖
j→+∞−→ 0 ∧ ‖yj‖

j→+∞−→ 0.
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 Ð�

(2) xj
X−→ 0 ∧ yj

Y−→ 0.

.(X ↪→ X + Y ∧ Y ↪→ X + Y  � r�@� ) ��@�

:¨�At�A�¤

(2)⇒ xj
X+Y−→ 0 ∧ yj

X+Y−→ 0.

⇒ xj + yj
X+Y−→ 0

⇒ v = 0.

.inf A ≥ 0 ¤ T�R�¤ (⇐)v = 0⇒ inf A = 0 .(2)

∀λ ∈ R,∀ v ∈ X + Y, ‖λv‖X+Y = |λ|‖v‖X+Y ? -

An§d�

‖λv‖X+Y = inf
v=x+y

(||λx||X + ||λy||Y );

= inf
v=x+y

(|λ|||x||X + |λ|||y||Y );

= inf
v=x+y

(|λ|(||x||X + ||y||Y ));

= |λ| inf
v=x+y

(||x||X + ||y||Y );

= |λ|‖v‖X+Y .

∀(u = x′ + y′, v = x+ y) ∈ (X + Y, X + Y ) ‖u+ v‖X+Y ≤ ‖u‖X+Y + ‖v‖X+Y ? -

z′ = y + y′ ¤ z = x+ x′ �S�

An§d�

‖u+ v‖X+Y = inf
v+u=z+z′

(||z||X + |z′||Y );

≤ inf
v+u=z+z′

((||x||X + ||x′||X) + (||y||Y + ||y′||Y );

≤ inf
v+u=z+z′

((||x||X + ||y||Y ) + (||x′||X + ||y′||Y );

≤ inf
v=x+y

(||x||X + ||y||Y ) + infu=x′+y′(||x′||X + ||y′||Y );

≤ ‖u‖X+Y + ‖v‖X+Y .

.�y\� ‖.‖X+Y �ybWt��  Ð�

¨�At�� �ybWt�� ,A�wm�

‖v‖X+Y = inf
v=x+y

(‖x‖X + t‖y‖Y ) ∀t > 0

.�y\�

:¨�A��� �§rmt��
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Yl� �O�� ,�y\ynl� Ty�l�m�� Tn§Abtm�� �Am`tF�� .(1)

|f(2ky)− 2kf(y)| ≤ |f(2ky)− 2f(2k−1y)|+ 2|f(2k−1y)− f(2k−2y)|+ ...+ 2k−1|f(2y)− 2f(y)|

≤ (1 + 2 + 22 + ...+ 2k−1)a = a(2k − 1) ≤ 2ka.

Yl� �O�� ,2n + k Yl� ��An�� �sq�¤ Tq�As�� Tn§Abtm�� ¨� y = 2nx �S� .k ≥ 0 ¤ n ≥ 0 �ky� .(2)

|f(2n+kx)

2n+k
− f(2nx)

2n
| ≤ a

2n

.TyJw� Ty�Att� ¨¡ xn = f(2nx
2n 
 T�r`m�� Ty�Attm��  � ¨n`§ �@¡¤

:��A��� �§rmt��

¢tn� d`� ¤Ð ºAS� ¨� ¨ks�wky�¤ Cd�w¡ ¨t���rt� �Ab�� �§rmt�� �@¡ �� �dh��

:��A��� �§rmt��

 � �R�¤ .(1)

|xn − xl| ≤ ‖xn − xl‖ ≤ ε

.x ∈ R w�� T�CAqt� Ty�Att� ¨¡  Ð� ,R ¨� TyJw� Ty�Att� (xn(k)) Ty�Attm��  � �yb� Tq�As�� Tn§Abtm�� .(2)

�y�� K ∈ N d�w§ ,T§Ahn�� �§r`� 	s�¤ ,
CAqt�
∑
k xN(ε)(k ≥ 0) Tlsls��  Ð� ,xN(ε)(k) ∈ `1  ± .(3)

.
∑
k≥K xN(ε)(k) ≤ ε

An§d� ,�A� n ≥ N(ε) ��� �� .(4)

L∑
k≥K

|xn(k)| ≤
L∑

k≥K

|xn − xN(ε)(k)|+
L∑

k≥K

xN(ε)(k)

≤ ‖xn − xN(ε)(k)‖+ ε ≤ 2ε.

.
∑L
k≥K |x(k)| ≤ 2ε Yl� �O�� ,n→∞ A�dn� T§Ahn�� Y�� rm�

�wm�m�� Ty�Att� ,4 ��¥s�� 	s�¤ ,Tb�w�  ¤d� ��Ð TlslF ¨¡ |x(k)| ¨�At�� �A`�� d��� ��Ð Tlsls�� .(5)

.x ∈ `1 ,Yn`m� T�CAqt� Ty�Attm��  Ð� ,Yl�±� ��  ¤d�� ¨¶z���

An§d� n ≥ N(ε) �� ��� �� ¢��� ,L→∞  A� �Ð� ,TbFAnm�A�

‖xn(k)− x(k)‖ ≤
K−1∑
k=1

|xn(k)− x(k)|+
∑
k≥K

xn(k) +
∑
k≥K

x(k),

An§d� n ≥ N1 �� ��� �� �y�� N1 d�w§  Ð� ,n �� �qts�¤ ¢tn� �¤±� �wm�m��

K−1∑
k=1

|xn(k)− x(k)| ≤ ε.

An§d� ,n ≥ max(N1, N(ε)) �� ��� �� , ��@�

‖xn(k)− x(k)‖ ≤ 5ε.

.�A� ºAS� `1 ¤ x w�� T�CAqt� xn ,¢n�¤
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T§r\n�� )¢lfF� ��rm�� ��rm�� ¨� Ty}A��� £@¡ Yl�  A¡rb�� d�� ,xCd�� �� ��¥F :H�A��� �§rmt��

.(23 T�fO�� ,4

An§d�  Ð� ,L ¨� TyJw� Ty�Att� (Tn) �ky� :x As�� �§rmt��

∀ε,∃n0 ∈,∀n,m ≥ n0, ‖Tnx− Tmx‖F ≤ ‖x‖‖Tn − Tm‖L → 0,

.Tnx→ y  Ð� ,�A� ºAS� ¢�� �y� ,F ¨� TyJw� Ty�Att� (Tnx) ¢n�¤

.(Tn) Ty�Attm�� T§Ah� ¢��¤  ¤d��¤ ¨W� r�¥� T  �  µ� b�n�

An§d� ,x2 ¤ x1 ��� �� ,�`f�A�

T (x1 + x2) = lim
n→∞

Tn(x1 + x2) = lim
n→∞

Tn(x1) + lim
n→∞

Tn(x1)

= Tx1 + Tx2

T (αx1) = α lim
n→∞

Tn(x1) = αx1

|‖Tn‖L − ‖Tm‖L| ≤ ‖Tn − Tm‖L → 0

Yn`m� , ¤d�� ¨¡  Ð� ,L ¨� TyJw� Ty�Att� ‖Tn‖L  Ð�

∃M > 0, ‖Tn‖L ≤M,∀n ∈ N

⇒ ‖Tnx‖F ≤M‖x‖

Yl� �O�t� T§Ahnl� C¤rm�� dn�

‖Tx‖F ≤M‖x‖.

An§d� ,‖x‖ ≤ 1 �y�� ,x ∈ E ��¤ ε > 0 �� ��� ��

‖Tn+px− Tpx‖F ≤ ε

An§d� ,p→∞ �� ��� ��

‖Tnx− Tx‖ → 0

⇒ sup
‖x‖≤1

‖Tnx− Tx‖F = ‖Tn − T‖L → 0.

:��A��� �§rmt�� .¢�whs� ¢�A¡r� �km§ :��As�� �§rmt��

.supn≥0 |αn| ≤M An§d� ,M > 0 �� ��� ��  Ð� ,(αn) ⊂ `∞

‖Txn‖2`2 ≤
∞∑
n=1

|αnxn|2 ≤M2
∞∑
n=1

|xn|2

 Ð�

‖Txn‖`2 ≤M‖xn‖2`2 .

‖T‖`2 ≤M ¢n�¤

:�FAt�� �§rmt��
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.(1)

‖Tf(x)‖ = |Tf(x)| ≤ 3|f(x)|+ 2|f(x+ 4)| ≤ 5‖f‖∞

:�A�m�� �ybF Yl� ,1 ©¤As§ �y\n� Cb(R) Ty�At�� T��d�� A�@�� �Ð� .‖T‖ ≤ 5  Ð�

f(x) =


1, x ≤ 0

1− x
2 , 0 ≤ x ≤ 4

−1, x ≥ 4

|Tf(0)| = 5⇒ ‖Tf‖∞ = 5,

 Ð�

5 =
‖Tf(0)‖∞
‖f(0)‖∞

≤ sup
x∈R

‖Tf(x)‖
‖x‖

= ‖T‖

.‖T‖ = 5 ¢n�¤

.‖F‖ ≤ 1 ¤ rmts� �ybW� F  Ð� .|F (xn)| ≤
∑∞
n=1

‖xn‖
2n ≤ ‖xn‖∞  �� ,|xn| ≤ sup |xn| = ‖xn‖∞  � Am� .(2)

:Ty�At�� Ty�Attm�� �r`�

yn =

 1, n ≤ n0
0, n > n0

.F (yn) =
∑∞
n=1

1
2n = 1⇒ |F (yn)|

‖yn‖∞ = 1 ≤ supxn∈C0
|F (xn)|
‖xn‖∞ = ‖F‖L  Ð� ,‖yn‖∞ = supn≥0 |yn| = 1 � �R�¤

.‖F‖L = 1 ,¢n�¤
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02 ��C Tlsls�� ��

:�¤±� �§rmt��

An§d� ,(ai) ∈ `2 ��� �� .(1)

‖Tnx‖C = |
n∑
i=1

|aixi| ≤
n∑
i=1

|aixi|

≤ (

n∑
i=1

|ai|2)
1
2 (

∞∑
i=1

|ai|2)
1
2

≤M‖x‖`2

.Tn‘ ∈ (`2)∗ ¢n�¤

�ky�

zi =

 ai, i ≤ n

0, i > 0

 Ð�,‖Tnzi‖ = |
n∑
i=1

|ai|2

‖Tnzi‖
‖zi‖

= (

n∑
i=1

|ai|2)
1
2

≤ ‖Tn‖L.

.‖Tx‖C = |
∞∑
i=1

|aixi| ≤
∞∑
i=1

|aixi| .(2)

≤ (

∞∑
i=1

|ai|2)
1
2 (

∞∑
i=1

|ai|2)
1
2

≤M ′‖x‖`2

.T ∈ (`2)∗  Ð�

.‖T‖(`2)∗ = (
∑∞
i=1 |ai|2)

1
2  �  A�§� �km§ 	bs�� Hfn�

|Tnx− Tx| = |
∞∑

i=n+1

|aixi| = Rn → 0.

:¨�A��� �§rmt��

An§d� , ¤d�� Tn  � b�n� .(1)

‖Tx‖C = |
n∑
i=1

|aixi| ≤
∞∑
i=1

|aixi| <∞,

 Ð�

sup
n
‖Tx‖C <∞.
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An§d� ,x¤AhnytF �An� T§r\� 	s�¤ ,‖Tn‖L = (

n∑
i=1

|ai|2)
1
2 An§d� .(2)

sup
n≥1
‖Tn‖L = (

∞∑
i=1

|ai|2)
1
2 <∞.

��A��� �§rmt��

Yn`m�) 
 z�r� , ¤d�� ºz� M ⊂ E �ky� L(E,F ). ¨� A w�� T�CAqt� An  � |rf� .(1) ⇒ (2) .(1)

 Ð� .( ∃B > 0,∀x ∈M, ‖x‖ 6 B

∀ε > 0 ∃N ∈ N ∀n > N ‖An −A‖ 6
ε

B

⇒ ∀ε > 0 ∃N ∈ N ∀n > N ∀x ∈M ‖An(x)−A(x)‖ 6 ε‖x‖
B

⇒ ∀ε > 0 ∃N ∈ N ∀n > N ∀x ∈M ‖An(x)−A(x)‖ 6 ε

.M Yl� A w�� An � �A\t�A� 
CAqt�� XbS�A� �@¡¤

 ¤d�� ºz�� @��� ‖An −A‖ = sup|x|=1 ‖An(x)−A(x)‖ An§d� r�¥� �y\� �§r`� �� (2) ⇒ (1). .(2)

 Ð� M = S(0, 1) = {x ∈ E|‖x‖ = 1}. :d�w�� r� �WF

∀ε > 0 ∃N ∈ N ∀n > N ∀x ∈ S(0, 1) ∈ ‖An(x)−A(x)‖ 6 ε

⇒ ∀ε > 0 ∃N ∈ N ∀n > N ‖An −A‖ 6 ε

.0 w�� 
CAqt� ‖An −A‖ ¢n�¤

���r�� �§rmt��

 Ð� ,Tnx = (xn, xn+1, 0, ...) �ky� .(1)

lim
n→∞

‖Tnx‖`1 = lim
n→∞

∞∑
i=n

|xi|

= lim
n→∞

Rn−1 = 0.

.0 w�� TVAsb� T�CAqt� Tn ¢n�¤

.�A\t��� T�CAqt� ry� Ty�Attm��  � b�� ¨t��¤ ,‖Tn‖`1 = 1 An§d� .(2)

:H�A��� �§rmt��

An§d� ,y = Tx ∈ F ,x ∈ E ��� �� .(1)

‖x‖E = ‖T−1y‖F ≤ ‖T−1‖L(F,E)‖Tx‖F .

.‖Tx‖F ≥ ‖T−1‖−1L(F,E)‖x‖E  Ð�
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T�CAqt� Ty�Att� (Txn) Ty�Attm�� �`f�A� ,y ∈ R(T )  � b�nF .y w�� T�CAqt� Ty�Att� (yn) = (Txn) �ky� .(2)

Yn`m� ,TyJw� Ty�Att� ¨¡  Ð�

∀ε > 0,∃n0,∀n,m ≥ n0, ‖T (xn − xm)‖F = ‖Txn − Txm‖F ≤ ε.

Yl� �O�� ,��As�� ��¥s�� �Am`tF��

‖xn − xm‖E ≤ ‖T−1‖‖T (xn − xm)‖F ≤ ε,

rmts� T  � Am� ,x w�� T�CAqt� ¨¡  Ð� ,�A� ºAS� w¡ ©@��¤ E ¨� TyJw� Ty�Att� (xn)  � �yb� ¨t��¤

.yn = Txn → y = Tx ∈ R(T )  ��

:x As�� �§rmt��

An§dl, T§C�rmtF³� b�n�¤ ,¨l�Aq�¤ ¨W� I � �R�¤ .(1)

‖x‖1 = ‖Ix‖1 =

∫ 1

0

|x(t)|dt ≤ sup
0≤t≤1

|x|
∫ 1

0

dt = ‖x‖∞

.‖I‖L ≤ 1 ¢n�¤

An§d�  Ð� ,x(t) = 1 �ky�

‖Ix‖1
‖x‖∞

= 1 ≤ ‖I‖L.

�y�� C > 0 d�w§  Ð� I−1  A� �Ð� .‖x‖1 = 1
n+1 ¤ ‖x‖∞ = 1 An§d� ,xn = tn ��� �� .(2)

.�km� ry� �@¡¤ ,n ∈ N �� ��� �� ,C > n+ 1 �y�� C  w�¤ b�§ ©@��¤ ,‖x‖∞‖I−1x‖∞ =≤ C
n+1

ºAS� Hy� Y  Ð� .�Anb� ��AKt�� T§r\� �ybW� �kmy,AS§� ¨�An� ºAS� Y  A� �Ð� ,¨�An� ºAS� X  ± .(3)

.�A�
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