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1 �Of��

­ ¤d�m��¤ TyW��� ��r�¥m��

�An� ��ºAS� 1.1

Tymy\n�� Ty�A`K�� ��ºASf�� 1.1.1

Q�w��� �q�§R+ w�� N : X �ybW� �� E Yl� �y\� ¨ms� .(C ¤� R) K �q� Yl� ¨�A`J ºAS� E �ky� 1.1.1 �§r`�

:Ty�At��

;N(x) = 0⇔ x = 0 ,∀ x ∈ E .(1)

;N(λx) = |λ|N(x) ,∀ λ ∈ K ¤ ∀ x ∈ E .(2)

.N(x+ y) ≤ N(x) +N(y) ,∀ x, y ∈ E .(3)

.¨my\� ¨�A`J ºAS� (E,N) ¨¶An��� ¨ms�

Rn ¨� TyFAF±� �Amy\n�� .(1) 1.1.1 �A��

,N1(x) =

n∑
i=1

|xi| (�

,N2(x) =
( n∑
i=1

|xi|2
) 1

2 (


.N3(x) = max1≤i≤n xi| (�

.(�Ay�Attm�� ºAS�)`p(C) Yl� �r`m�� �y\n�� .(2)

�kt�

`p(C) = {(xn) ⊂ C,
∞∑
n=0

|xn|p)
1
p <∞},

.p ∈ [0,∞[ �y�

:�ybWt��

x 7→ ‖x‖`p =

∞∑
n=0

|xn|p)
1
p

3



.`p(C) Yl� �y\� �r`§

¨my\� ¨�A`J ºAS� ¨� T§�rmtF¯�¤ 
CAqt�� 2.1.1

Ah�� (xn) �� �wq� .E ¨� Ty�Att� (xn) ¤ ¨my\� ¨�A`J ºAS� E �ky� 2.1.1 �§r`�

,Yn`m� ,limn,m→∞ ‖xn − xm‖ = 0  A� �Ð� Xq�¤ �Ð� TyJw� Ty�Att� .(1)

∀ε > 0,∃n0 ∈ N,∀n,m ≥ n0, ‖xn − xm‖ < ε.

,Yn`m� ,limn→∞ ‖xn − x‖ = 0  A� �Ð� Xq�¤ �Ð� x w�� T�CAqt� .(2)

∀ε > 0,∃n0 ∈ N,∀n ≥ n0, ‖xn − x‖ < ε.

xn = 1
n 2.1.1 �A��

: A� �Ð� Xq�¤ �Ð� x0 TWqn�� dn� ­rmts� Ah�� E Yl� T�r`m�� f T��d�� �� �wq� 3.1.1 �§r`�

∀ε > 0,∃α > 0, ‖x− x0‖ < α→ ‖f(x)− f(x0)‖ < ε.

�At�� ¨my\n�� ¨�A`K�� ºASf�� 3.1.1

.©rt� ºAS� E �ky� 4.1.1 �§r`�

.T�CAqt� E Yl� TyJw� Ty�Att� ��  A� �Ð� Xq�¤ �Ð� �A� ºAS� ¢�� E �� �wq�

©rt� ºASf� �A� ¢�� ©� ,T�CAqt� ¢n� TyJw� Ty�Att� �� 
�A� �Ð� ¨�An� ¢�� E ¨my\� ºAS� �� �wq� 5.1.1 �§r`�

.�y\n�A� Tq�rm�� T�Asm�A�  ¤z�

:Ty�At�� �Amy\n�� d���  ¤z� Cn ¤� Rn 1 .(1) 3.1.1 �A��

.p ∈ N∗ �� ��� �� ,Ty�An� ��ºAS� ¨¡ ‖x‖∞ = max1≤i≤n |xi| ¤ ‖x‖p = (

n∑
i=1

|xi|p)
1
p

�kt� .(2)

`p(C) = {(xn) ⊂ C,
∞∑
n=0

|xn|p)
1
p <∞}

.¨�An� ºAS� �r`§ ‖x‖p = (

n∑
n=0

|xn|p)
1
p ¨�At�� �y\n�A�  ¤zm�� C ¨� �Ay�Attm�� ºAS�

`∞(C) = {(xn) ⊂ C, |x| ≤M}

¨�At�� �y\n�A�  ¤zm�� C Yl� ­ ¤d�m�� �Ay�Attm�� ºAS�

.¨�An� ºAS� w¡ ‖x‖∞ = supn≥0 |xn|



¨�µ� �y\n�A�  ¤zm�� E1E2 º�d��� ºAS�  Ð� ,K �q� Yl�  Ay�An�  �ºAS� (E1, ‖‖1), (E2, ‖‖2) �ky� 1.1.1 TyS�

.¨�An� ºAS� ‖x‖E1E2
= ‖x‖1 + ‖x‖2 ¤ ‖x‖E1E2

= max{‖x‖1, ‖x‖2}

An§dl,n,m > n0 �y�� n,m ∈ N ��� ��  Ð� ,E1E2 ¨� TyJw� Ty�Att� (xn, yn) �kt� . A¡rb��

‖(xn, yn)− (xm, ym)‖E1E2 = max{‖xn − xm‖E1 , ‖yn − ym‖E2}

Yl�) x, y w�� �yt�CAqt� Am¡  Ð� ,(¨��wt�� Yl�) E2 ¤ E1 ¨� ¨Jw� ¨ty�Att� (yn) ¤ (xn)  � �zlts§ ©@��¤

¢n�¤ ,(¨��wt��

‖xn, yn)− (x, y)‖E1E2 = max{‖xn − x‖E1 , ‖yn − y‖E2} < max{ε, ε}

.(x, y) w�� T�CAqt� (xn, yn) , � �tnts� ¢n�¤

­ ¤d�m��¤ TyW��� ��r�¥m�� ºAS� 2.1

 A� �Ð� Xq�¤ �Ð� ¨W� ¢�� F w�� E �� r�¥� �� �wq� .K �q� Yl� �yym\� �y�A`J �y¶AS� F ¤ E �ky� 1.2.1 �§r`�

.T (x+ y) = T (x) + T (y) ,x, y ∈ E ��� �� .(1)

.T (αx) = αT (x) ,x ∈ E ,α ∈ C ��� �� .(2)

.T (x+ y) = T (x) + T (y) �q�§ x, y ∈ E ��� ��  A� �Ð� ¨`m� ¢�� T �� �wq� -

.T (αx) = αT (x) :x ∈ E ¤ α ∈ C ��� �� �q� �Ð� H�A�t� ¢�� T �� �wq� -

.T (αx) ≤ αT (x) : x ∈ E ¤ α ∈ C �� ��� �� �q� �Ð� H�A�t� Hf� T  wk§¤ -

.Tx(t) =
∫ b
0
x(t)dt :
 �r`m�� ,T : C([a, b])→ R �ybWt�� �ky� 1.2.1 �A��

.¨W� T  � �R�¤

.F w�� E �� ­ ¤d�m��¤ TyW��� �AqybWt�� ºASf� L(E,F ) 
 z�r�

�y�� c > 0 
�A� d�¤ �Ð� Xq�¤ �Ð� (rmts� ¤�)  ¤d�� T  � �wq� ,E Yl� ¨W� r�¥� T �ky� 2.2.1 �§r`�

‖T (x)‖F ≤ c‖x‖E , �� ��� x ∈ E

.

. ¤d�� T  A� �Ð� Xq�¤ �Ð� rmts� T 1.2.1 T§r\�

�y�� xM d�w§ M > 0 �� ��� ��  Ð� . ¤d�� ry� �k� rmts� T  � |rf� . A¡rb��

‖TxM‖ > M‖xM‖

�y�� E ¨� (xn) Ty�Att� d�w� n ∈ N ��� �� ,QwO��A�

‖Txn‖ > n‖xn‖.



¢n�¤ ,‖Txn‖ → ∞ Yl� �O�� ,rmts� T  ± ,limn→∞ yn = 0  � �R�¤ ,yn = xn

n‖xn‖ �S�

‖Tyn‖ =
1

n‖xn‖
‖xn‖ → 0.

�k�

‖Tyn‖ =
1

n‖xn‖
‖xn‖ ≥

n‖xn‖
n‖xn‖

= 1,

.{�An� �@¡¤

, Ð� .x w�� T�CAqt� E ¨� Ty�Att� (xn) �kt�¤ , ¤d�� T  A� �Ð� , �Aqm�A�

‖T (xn − x)‖ ≤M‖xn − x‖ → ∞

­ ¤d�m��¤ TyW��� ��r�¥m�� ºASf� L(E,F ) 
 z�r� .rmts� T ,¢n�¤ .Txn → Tx  � �yb§ ©@��¤

.F w�� E �� (­rmtsm��)

:T·�Akt� Ty�At�� �®��� ��zym�� ,T ∈ L(E,F ) ¨W��� r�¥� �� ��� �� 2.2.1 T§r\�

. ¤d�� T .(1)

.E Yl� rmts� T .(2)

.E �� 0 TWqn�� dn� rmts� T .(3)

(1)⇒ (2) . A¡rb��

 � Am� .H ¨� Ty�Att� (xn) ¤ H �� ¨fy� �A`J x0 �ky�

‖Txn − Tx0‖ = ‖T (xn − x0)‖ ≤ ‖T‖‖xn − x0‖,

.S T§C�rmtF� ¢n�¤ ,xn → x0 A�dn� Txn → Tx0  Ð�

. �R�¤ (2)⇒ (3) ¨�At�� ��zltF¯�

(3)⇒ (1)

��  Ð� .( ¤d�� ry� �ybWt�� ) ,Hk`�� |rf� ,x0 ∈ E TWqn�� dn� rmts� ,E Yl� ¨W� r�¥� T �ky�

 � d�� ,yn = xn

n‖xn‖  � AnRr� �Ð� .‖Txn‖ ≥ n‖xn‖�q�§ xn ∈ H  ¤d�� ry� �A`J d�w§ ,n ∈ N �� ���

.‖yn‖ = 1
n

�k� ,yn + x0 → x0  Ð� ,yn → 0 ¤

‖T (yn + x0)− Tx0‖ = ‖Tyn‖ =
‖Txn‖
n‖xn‖

>
n‖xn‖
n‖xn‖

= 1,

. ¤d�� T ¨�At�A�¤ ,{�Ant�� An¡ ��¤ x0 rmts� ry� T ¢n�¤

.H�A�t� ¢��� ¨my\� ¨�A`J ºAS� Yl� rmts�¤ ¨`m� r�¥� T  A� �Ð� 3.2.1 T§r\�

. A¡rb��

An§d� ,n ∈ N ��� �� .(1)

T (nx) = T (

n∑
1

x) = nTx.



An§dl,n = 0 ��� �� .(2)

T (x+ 0) = Tx = Tx+ T0→ T0 = 0.

An§d� ,n ∈ Q ��� �� .(3)

T (
m

n
x) = mT (

x

n

 Ð� ,y = x
n �S�

Tx = T (ny) = nTy → T (
x

n
=

1

n
Tx

→ T (
m

n
x) =

m

n
Tx.

¢n�¤ .R ¨� �y�� Q  ± ,λn → λ �q�� (λn ⊂ Q) Ty�Att� d�w�  Ð� ,�VA� ry� λ �ky� .(4)

T (xλn)→ T (xλ),

An§d� «r�� Ty�A� ��

T (xλn) = λnTx→ λTx

.T (λx) = λTx ¨�At�A�¤

r�¥m�� �y\� 1.2.1

:�q�§ ©@�� c �km� 	�w�  d� r�}� T �y\� ¨ms� .T ∈ L(E,F ) �ymy\� �y�A`J �y¶AS� E,F �ky� 3.2.1 �§r`�

Yn`mb.‖Tx‖F ≤M‖x‖E
‖T‖L = inf{M > 0, ‖Tx‖F ≤ ‖x‖E}.

An§d�  Ð� .T ∈ L(E,F ) �ky� 1.2.1 TyS�

∀x ∈ E, ‖Tx‖F ≤ ‖T‖L‖x‖E .(1)

∀ε > 0,∃xε ∈ E, ‖Txε‖F ≥ (‖T‖L − ε)‖x‖E .(2)

‖T‖L = supx6=0
‖Tx‖F
‖x‖ ,‖T‖L = sup‖x‖≤1 ‖Tx‖F .(3)

. A¡rb��

¢n�¤ ,
‖Tx‖
‖x‖ ≤M0 An§d� ¢��� ,‖T‖ = M0  A� �Ð� .(1)

‖Tx‖ ≤ ‖T‖‖x‖.

�y�� ,xε ∈ E d�w§ ε > 0 ��� �� ,An§d� Yl�±� d��� �§r`� 	s�  Ð ,M0 = sup ‖Tx‖‖x‖ �ky� .(2)

‖Txε‖
‖xε‖

≥M0 − ε

→ ‖Txε‖ ≥ (M0 − ε)‖xε‖.



Yl� �O�t� (1) Ty}A��� �m`ts�w,‖x‖ ≤ 1  A� �Ð� .(3)

‖Tx‖ ≤ ‖T‖‖x‖ ≤ ‖T‖

(2.1.1) =⇒ sup
‖x‖≤1

‖Tx‖ ≤ ‖T‖.

An§d�  Ð� ,yε = xε

‖xε‖ �S�

‖Tyε‖ =
1

‖xε‖
‖Txε‖ ≥

1

‖xε‖
(‖T‖ − ε)‖xε‖

→ ‖Tyε‖ ≥ ‖T‖ − ε

(2.1.2) → ‖T‖ ≤ sup
‖x‖≤1

‖Tx‖

.T�wlWm�� T�ytn�� Y�� �O� ,(2.2.1) ¤ (1.2.1) �� ,¨�At�A�¤

.Tx(t) =
∫ b
a
x(t)dt 
 T�r`� T : C([a, b],R)→ R An§d� 2.2.1 �A��

‖Tx‖ ≤ (b− a)‖x‖

=⇒ ‖T‖ ≤ (b− a).

An§d�  Ð� ,x0(t) = 2 
 t ∈ (a, b] �� ��� �� T�r`� C([a, b]) �� T�� x0 �kt�

‖Tx0‖ = 2(b− a) =⇒ ‖Tx0‖
x0

= (b− a) ≤ sup
x 6=0

‖Tx‖
‖x‖

= ‖T‖

.‖T‖ = b− a ¢n�¤

T§�rmtF¯A� r�¥� d§dm� 3.1

Yl�  ¤d�� T  � �wq� .E �� ¨¶z� ¨�A`J ºAS� D �y�� ,T : D ⊂ E → E ¤ ¨my\� ¨�A`J ºAS� E �ky�

‖Tx‖M‖x‖. An§d� ,x ∈ D �� ��� �� �y�� ,M > 0 d�¤ �Ð� D

�y\� Y�d§ Tq�As�� Tn§Abtm�� �q�§ ©@�� M > 0 �km�  d� r�}�

.‖T‖D 
 ¢� z�r�¤ ,T

E ¨� d§dm� �lm§ T  Ð� .T : D ⊂ E → E ¤ D = E �y�� E �� ¨¶z� ºAS� D , ¨�An� ºAS�E �ky� 1.3.1 T§r\�

.£r}An� �� ��� ��

:
 E Yl� T̃ ¨�At�� r�¥m�� �r`� . A¡rb��

Tx =

T̃ x = Tx, ∀x ∈ D,

‖T̃‖E = ‖T‖D



, TyJw� Ty�Att� ¨¡  Ð� .xn → x �y�� ,(xn) ⊂ D Ty�Att� d�w§ ¢��� ,E ¨� �y�� D  � Am� ,x ∈ E �ky�

,.Yn`m� ,n,m→ 0 A�dn� ,‖xn − xm‖ → 0 ,Yn`m�

∀ε > 0,∃n0 ∈ N,∀n,m > n0, ‖xn − xm‖ < ε.

An§d� ,n,m > n0 ��� �� ¨�At�A�¤

‖Txn − Txm‖ = ‖T (xn − xm)‖ ≤ ‖T‖D‖xn − xm‖ → 0

.E ¨� T�CAqt� (Txn) ¢n�¤ ,�A� ºAS� w¡ ©@�� E ¨� TyJw� Ty�Att� (Txn)  � �zlts§ ©@��¤

.D �� Ty�Att� T§Ah� ¨¡ T r�¥m�A� x ­Cw}  �� ,x ∈ E/D  A� �Ð� ,�@� .Txn → T̃ x , ¨�At�A�¤

T̃ Ty��d�¤  µ� xCd�

An§d� ¢��� .x w�� T�CAqt� D ¨� Ty�Att� (yn) 
�A� �Ð�

‖xn − yn‖ ≤ ‖xn − x‖+ ‖yn − x‖

→ ‖Txn − Tyn‖ = ‖T (xn − yn)‖ ≤M‖xn − yn‖ → 0.

limn→∞ xn = limn→∞ yn = T̃ x. ¢n�¤

TyW� T̃

An§d� ,α ∈ K ¤ x1, x2 ∈ E ��� ��

T̃ (x1 + x2) = lim
n→∞

T (x(1)n + x(2n ) = T̃ x1 + T̃ x2

T̃ (αx1) = lim
n→∞

T (αx(1)n ) = αT̃x.

 ¤d�� T̃

‖T̃ x‖ = lim
n→∞

‖T (xn)‖ ≤ ‖T‖D‖x‖

→ ‖T̃ x‖ ≤ ‖T‖D‖x‖

→ ‖T̃‖ ≤ ‖T‖D

,«r�� Th� ��

‖T̃‖ = sup
x∈E

‖T̃ x‖
‖x‖

≥ sup
x∈D

‖T̃ x‖
‖x‖

= ‖T‖D

.‖T̃‖E = ‖T‖D  Ð�

­ ¤d�m��¤ TyW��� ��r�¥m�� ºAS� ¨� 
CAqt�� 4.1

.¨my\� ¨�A`J ºAS� L(E,F ) ºASf�� .T ∈ L(E,F ) ¤ F ,E �ky� 1.4.1 TyS�



.¨�A`J ºAS� L(E,F )  � �R�¤ . A¡rb��

‖T‖L = 0↔ sup
x∈E

‖Tx‖
‖x‖

= 0

⇔ T = 0

‖αT‖L = α sup
x∈E

‖Tx‖
‖x‖

= α‖T‖L.

‖S + T‖L = sup
x∈E

‖(S + T )x‖
‖x‖

≤ sup
x∈E

‖Sx‖
‖x‖

+ sup
x∈E

‖Tx‖
‖x‖

.L(E,F ) Yl� �y\� ‖.‖L  Ð�

Xysb�� 
CAqt�� 1.4.1

 A� �Ð� Xq�¤ �Ð� T w�� TVAsb� T�CAqt� Ah�� (Tn) Ty�Attm�� �� �wq� .Tn, T ∈ L(E,F ) ¤ F ,E �ky�

.Tn
s−→T 
 Ah� z�r�¤ x ∈ E, Tnx→ Tx �� ��� ��

.Tn → T ⇔ ∀x ∈ E, Tnx→ Tx 	tk�¤

«r�� Ty�A� ��

∀x ∈ E,∀ε > 0,∃n0,∀n ≥ n0, ‖Txn − Tx‖F < ε.

1.4.1 �A��

Tn : `2(C)→ `2(C), Tnx = (x1, x2, ..., xn, 0, 0...}

Tn → I`2?.  � 
b��

Tn ∈ L(`2(C)).  � �yb� ,T§�d�

An§d� ,x ∈ `2 �� ��� �� �`f�A�

‖Tnx‖ = (

n∑
k=1=1

|xk|2)
1
2

≤ (

∞∑
k=1=1

|xk|2)
1
2 = ‖x‖`2

→ ‖Tnx‖L ≤ 1

.‖Tnz‖ = 1 ≤ supx ∈ `2‖Tnx‖ = ‖Tn‖  Ð� ,Tnz = z An§d� z = (1, 0, 0, ...) ��� ��

An§d� ,x ∈ `2 �� ��� ��

lim
n→∞

‖Tnx− I`2x‖ = lim
n→∞

(

∞∑
k=n+1=1

|xk|2)
1
2

lim
n→∞

(Rn)
1
2 = 0

.limn→∞ Tn = I`2 ¢n�¤



�A\t��� 
CAqt�� 2.4.1

T§Attm��  � �wq� .Tn, T ∈ L(E,F ) ¤ F ,E �ky�

 A� �Ð� Xq�¤ �Ð� T w�� �A\t��� T�CAqt� (Tn)

.x ∈ E, limn→∞ sup‖x‖≤1 ‖Tnx− Tx‖F = 0 ��� ��

Tn
‖.‖−→T. 
 ¢� z�r�¤ . lim

n→∞
‖Tn − T‖L = 0 	tk�¤

�y`S�� 
CAqt�� 3.4.1

­rmtsm��¤ TyW��� �AkJ±� ºAS� E∗
 ¢� z�r�¤ E ©wn� ¨ms� .K �q� Yl� ¨my\� ¨�A`J ºAS� E �ky� 1.4.1 �§r`�

.K w�� E ��

.¨�w�wbW�� ©wn��� ¨� A�Am� «wt�� ©rb��� ©wn���

.fx w�� 
CAqt� fxn f ∈ E∗  A� �Ð� Xq�¤ �Ð� x w�� �y`R 
CAq� T�CAqt� Ah�� E �� (xn) Ty�Att� �� �wq�

 A� �Ð� Xq�¤ �Ð� T w�� �y`R 
CAq� T�CAqt� (Tn) ��r�¥m�� �� Ty�Att�

f(Tnx)→ f(Tx), ∀x ∈ E,∀f ∈ E∗.

.Tn
w−→T 
 z�r�¤

An§d�  Ð� .F ¨� E �� ��r�¥m�� �� Ty�Att� (Tn) 
�A� �Ð� 1.4.1 T§r\�

Tn
‖.‖−→T ⇒ Tn

s−→T

s−→T ⇒ Tn
w−→T.

An§d� ,x ∈ E ��� �� . A¡rb��

‖Tnx− Tx‖F = ‖(Tn − T )‖ ≤ ‖Tn − T‖‖x‖E → 0

An§d� ,f ∈ F ∗ ¤ x ∈ E ��� ��

|f(Tnx)− f(Tx)| = |f(Tnx− Tx)| ≤ |f |‖Tnx− Tx‖ → 0.

Banach Steinhaus x¤AhnytF �An� T§r\� 5.1

Yn`m� .‖.‖L �y\n�� ��� �� ­ ¤d�� 
�A� �Ð� �A\t�A� ­ ¤d�� Ah�� Tn ∈ L(E,F ) Ty�Attm�� �� �wq� 1.5.1 �§r`�

∃M > 0,∀n ∈ N, ‖Tn‖L ≤M.

¨� ¸�Ak� w¡¤

∃M > 0,∀n ∈ N, sup
‖x‖=1

‖Tnx‖L ≤M.



 A� �Ð� Xq�¤ �Ð�(AyWq� ­ ¤d��) ­ ¤d�� (Tn)  wk�

Yn`m� .‖.‖F T�CAqt� �y\n�A� ,x ∈ E �� ��� ��

∀x ∈ E,∃M > 0,∀n ∈ N, ‖Tnx‖F ≤M.

.Tn : `2(C)→ `2(C), Tnx = (x1, x2, ..., xn, 0, 0...} .(1) 1.5.1 �A��

.�A\t�A�  ¤d�� 
F (Tn)  Ð� .‖Tn‖L ≤ 1  � Aqbs� An§�C

.Tn : `1(C)→ C, Tnx = nx1 +
∑∞
k=1

xk

k .(2)

‖Tnx‖ ≤ n|x1|+
∞∑
k=1

|xk|
k
≤ n|x1|+

∞∑
k=1

|xk| ≤ (n+ 1)

∞∑
k=1

|xk|

= (n+ 1)‖x‖

→ ‖Tn‖ ≤ (n+ 1).

,‖Tn‖ = (n + 1) → ∞ ¢n�¤ .)‖Tnz‖ = (n + 1) � )‖z‖ = 1 � z ∈ `1  � �R�¤ ,z = (1, 0, 0, ...) �ky�

.�A\t�A� Hy� d��� ¨�At�A�¤

 Ð� AyWq� ­ ¤d�� (Tn) Ty�Attm�� 
�A� �Ð� .Tn ∈ L(E,F ) ¤ ¨my\� ¨�A`J ºAS� F ¤ ¨�An� ºAS� E �ky� 1.5.1 T§r\�

Yn`m� .�A\t�A�  ¤d�� ¨h�

∀x ∈ E, sup
n≥0
‖Tnx‖F <∞→ sup

n≥0
‖Tn‖L <∞.

�l�m��  Ayb�� T§r\� 6.1


 �r`� EF �� ¨¶z� ºAS� �� T �  Ay� ¨ms� .T : D ⊂ E → F �ky�¤ �yy�An� �y¶AS� F ¤ E �ky� 1.6.1 �§r`�

G(T ) = {(x, Tx), x ∈ D}.

.�l�� G  Ð� .T ∈ L(E,F ) ¤ �yy�An� �y¶AS� E,F �ky� 1.6.1 TyS�

,yn = Txn → y �k� ,Txn → Tx T d�� T§�rmtF¯� �Am`tFA� ,xn → x  Ð� ,(xn, yn) → (x, y) �ky� . A¡rb��

.�l�� G ¤ y = Tx ¢n�¤

.rmts� T  �� �l�� G  A� �Ð� .T ∈ L(E,F ) ¤ �yy�An� �y¶AS� E,F �ky� 1.6.1 T§r\�

.¨�An� ºAS� ¨�At�A�¤ �A� w¡  Ð� �l�� G  ± . A¡rb��

 ± , rmts�¤ ¨W� �ybW� PE .E Yl� ªAqF³� PE : G→ E,PE(x, Tx) = x �ky�

‖PE(x, Tx)‖ = ‖x‖ ≤ max{‖x‖E , ‖Tx‖F } = ‖(x, Tx)‖G.



.F Yl� ªAqF³� �r`� Tq§rW�� Hfn�

PF : G→ E,PF (x, Tx) = Tx,

 ± rmts�¤ ¨W� PF .F Yl� ªAqF³�

‖PF (x, Tx)‖ = ‖Tx‖ ≤ max{‖x‖E , ‖Tx‖F } = ‖(x, Tx)‖G.

.T = PE ◦ PF ∈ L(E,F )  Ð�

(�Anb� ��AKt��) 2.6.1 T§r\�

.E w�� F �� T−1 rmts�¤ ¨W� r�¥� d�w§ ¢��� ¨l�Aq� T  A� �Ð� .T ∈ L(E,F ) ¤ �yy�An� �y¶AS� E,F �ky�

.�wtf� T  �� ¨l�Aq� T  A� �Ð� .T ∈ L(E,F ) ¤ �yy�An� �y¶AS� E,F �ky� (�wtfm�� �ybWt�� T§r\�) 3.6.1 T§r\�

r�¥� xwk`� 7.1

.‖ST‖ ≤ ‖S‖‖T‖� T ∈ L(E,H)  �� ,S ∈ L(F,H) ¤ T ∈ L(E,F )  A� �Ð� 1.7.1 TyS�

An§d� ,α ∈ K ¤ x, y ∈ E �� ��� �� . A¡rb��

ST (αx+ y) = S(T (αx+ y)) = S(αTx+ Ty)

= αSTx+ STy.

An§d� ,x ∈ E �� ��� ��¤ .¨W� ST  Ð�

‖STx‖ ≤ ‖S‖‖Tx‖

≤ ‖S‖‖T‖‖x‖

‖ST‖ ≤ ‖S‖‖T‖ ¢n�¤

�Ð� Xq�¤ �Ð� ¨sk� �ybW� �bq§ T  � �wq� .�yymy\� �yy�A`J �y¶AS� F ¤ E �y� ,T ∈ L(E,F ) �ky� 1.7.1 �§r`�

.T−1 
 T xwk`m� z�r�¤ .∀y ∈ F, TSy = y � ∀x ∈ E,STx = x �y�� ,S ∈ L(F,E) d�¤

 ¤d�� (I − T )−1 ¤ ¨sk� �ybW� �bq§ (I − T )  �� ,‖T‖ ≤ 1  A� �Ð� .T ∈ L(E)¤ ¨�An� ºAS� E �ky� 1.7.1 T§r\�

AS§� An§d�¤

(I − T )−1 =

∞∑
n=0

Tn = I + T + T 2 + ...

.∀k ∈ N∗,
∑k
n=0 ‖Tn‖ ≤

∑k
n=0 ‖T‖n An§d� . A¡rb��

‖T‖ ≤ 1→
∞∑
n=0

‖Tn‖ ≤
∞∑
n=0

‖T‖n =
1

1− ‖T‖
<∞



→
∞∑
n=0

Tn ∈ L(E).

‖(I − T )

k∑
n=0

Tn − I‖ = ‖
k∑

n=0

‖Tn −
k∑

n=1

Tn − I‖

= ‖I − T k+1 − I‖ = ‖T k+1‖ ≤ ‖T‖k+1

Yl� �O�tn� T§Ahnl� rm�

lim
k→∞

‖(I − T )

k∑
n=0

Tn − I‖ ≤ lim
k→∞

‖T‖k+1 = 0

→ (I − T )

∞∑
n=0

Tn = I → (I − T )−1 =

∞∑
n=0

Tn.

,AS§� .dy�¤ T−1  �� ¨sk� �ybW� �bq§ T  A� �Ð� ,T ∈ L(E,F ) �ky� 2.7.1 T§r\�

.(ST )−1 = T−1S−1 An§d�¤ ¨sk� �ybW� �bq§ ST  �� ,¨sk� �ybW� �bq§ S ∈ L(, F,H)  A� �Ð�

An§d�  Ð� ,T � ¨Fwk`� V � U  A� �Ð� . A¡rb��

U = UI = U(TV ) = (UT )V

= IV = V.

An§d�  Ð� , Aysk�  AqybW�  ®bq§ S ¤ T  A� �Ð�

(T−1S−1)(ST ) = T−1(S−1S)T = T−1 = I

(ST )(T−1S−1) = S(TT−1)S−1 = SS−1 = I.

.(S2T = I) TS1 = I �y�� (S2) S1 d�¤ �Ð� (©CAs§) ¨nym§ xwk`� �bq§ ¢�� r�¥� �� �wq� 2.7.1 �§r`�

:T·�Akt� Ty�At�� �®��� ©¤A�d�� . ¤d��¤ ¨W� r�¥� T ¤ �yy�An� �y¶AS� E,F �ky� 3.7.1 T§r\�

.¨nym§ ¨sk� �ybW� �bq§ T .(1)

.�l�� Im(T ) = R(T )¤ �§Abt� F .(2)

An§d� x ∈ E, �� ��� �� �y�� ,c > 0 d�w§ .(3)

‖Tx‖ ≥ c‖x‖.

. A¡rb��



An§d� ,x1, x2 ∈ E �� ��� ��  Ð� ,CAsy�� �� xwk`� �bq§ T ∈ L(E)  � |rf� .(1)

Tx1 = Tx2 → T−1Tx1 = T−1Tx1

→ x1 = x2.

�@¡¤ Txn → Tx �bO� ,T ∈ L(E)  � Am� (Txn) ∈ R(T )  Ð� ,xn → x �y�� ,E ¨� Ty�Att� (xn �ky�

.Tx ∈ R(T )  � �zlts§

�Anb� ��AKt�� T§r\� �Am`tFA� ¢n�¤ ,¨l�Aq� T̃ : E → T (E) r�¥m��  Ð� ,�yy�An� �y¶AS� F ¤ E  � Am� .(2)

Yn`m� ,E w�� T (E) �� rmts� T−1 d�w§

∃c > 0, ‖x‖ ≥ c‖Tx‖.

.¨l�Aq� T  � �yb§ Am� ,�l�� R(T ) ,AS§� .KerT = {0}  �� Tx = 0 → x = 0  A� �Ð� ¢�± �§Abt� T .(3)

.T−1 xwk`� �bq� ¨�At�A�¤

�§CAm� 8.1

�y�� ,C w�� `2(C) �� Tn r�¥m�� �r`�¤ ,`2(C) �� �yty�Att� (ai), (xi) �kt� :�¤±� �§rmt��

Tn =

n∑
i=1

aixi.

Tn ∈ (`2)∗ �� ��� �� ¢�� 
b�� n ∈ N∗ An§d� (1

.‖Tn‖(`2)∗ = (

n∑
i=1

|ai|2)
1
2  � �y� (2

Tx =

∞∑
i=1

aixi �y�� ,T : `2(C)→ C �kt� (3

.‖T‖(`2)∗ = (
∑∞
i=1 |ai|2)

1
2  �¤ T ∈ (`2)∗  � �¡r� •

.(`2)∗ ¨� T w�� TVAsb� 
CAqt� (Tn)  � �¡r� •

¨� T�CAqt�

∞∑
i=1

aixi Tlsls��  wk� �y�� ,(xi) ∈ `2 ,T§dq� r}An� Ty�Att� (ai) �kt� :¨�A��� �§rmt��

.Tn =
∑n
i=1 aixi �y�� Tn : `2(C)→ C ¤ C

.­ ¤d�� (Tn)  � 
b�� (1

.ai ∈ `2(C)  � 
b�� ,Banach Steinhaus x¤AhnytF -�An� T§r\� �Am`tFA� (2

:�y� ¥�Akt�� 
b�� .An, A ∈ L(E,F ) ¤ �ymy\� �y¶AS� F ¤ E �ky� :��A��� �§rmt��



L(E,F ) ¨� An → A (1

.x ∈M �y� Ax w�� �A\t�A� T�CAqt� Anx Ty�Attm�� ,M ⊂ E  ¤d�� ºz� �� ��� �� (2

.Tnx = (xn, xn+1, 0, 0, ..., 0, ...) �y�� ,Tn : `1(C→ `1(C �ky� :���r�� �§rmt��

. lim
n→∞

‖Tnx‖`1 	s�� (1

.¢ny`� 	lW§ T w�� TVAsb� T�CAqt� Tn  � 
b�� (2

?�A\t�A� T�CAqt� Ty�Attm�� �¡ (3

.T ∈ L(E,F ) ¤ �ymy\� �y�A`J �y¶AS� F ¤ E �ky� :H�A��� �§rmt��

.‖Tx‖F ≥ ‖T−1‖−1L ‖x‖E An§d� x ∈ E �� ��� �� ¢��� T−1 ∈ L(F,E) ¤ 	lql� ��A� T  A� �Ð� ¢�� 
b�� (1

.�l�� R(T ) = Im(T )  �� ,‖T‖ ≥ ‖x‖ �y�� ¨�An� ºAS� E  A� �Ð� ¢�� �¡r� (2

�yy�At�� �ymy\n�� �y¶ASf�� rbt`� .­rmtsm�� T§dq`�� ���wt�� ºAS� E = C([0, 1]) �ky� :x As�� �§rmt��

.Y ¨� X � ��AWm�� �ybWtl� I 
 z�r� .‖x‖1 =
∫ 1

0
|x(t)|dt �y� Y = (E, ‖.‖1 ¤ X = (E, ‖.‖∞)

.¢my\� 	s�� �� rmts�¤ ��Aq� I  � 
b�� (1

.(xn) = tn Ty�Attm�� �m`tF� :­d�As� ) rmts� Hy� I−1  � 
b�� (2

.�A� ºAS� Hy� Y  � �tntF� (3



2 �Of��

Ah�AqybW�¤ �An�  A¡ T§r\�

�An�  A¡ T§r\n� ¨lyl�t�� �kK�� 1.2

:Ty�At�� Q�w��� �q�§ ©@�� p : E → R+ �ybW� �� E T�wm�� Yl� �y\� �O� ¨ms� 1.1.2 �§r`�

;p(λx) = λp(x),∀λ ≥ 0 .(1)

;x, y ∈ E, p(x+ y) ≤ p(x) + p(y) �� ��� �� .(2)

.�y\� �O� w¡ E Yl� �y\� ��

.Aym\�� rOn� ©wt�� Ay¶z� Aby�r� Tb�r�¤ Ty�A� ry� T�wm�� �� 1.1.2 m�M

Tqyq��� �An�  A¡ T§r\� 1.1.2

(Tqyq��� �An�  A¡ T§r\�) 1.1.2 T§r\�

�y�� ,f ∈ G∗ ¤ E Yl� �y\� �O� p ,E �� ¨¶z� ºAS� G , ¤ ¨qyq� ¨�A`J ºAS� E �ky�

∀x ∈ G, f(x) ≤ p(x).

�y� f̃ ∈ E∗ d�w§  Ð�

∀x ∈ G, f̃(x) = f(x);

∀x ∈ E, f̃(x) ≤ p(x).

:¨�µA� E �� ¨¶z��� ºASf��G1 �r`� x0 ∈ G ��� �� ,x ∈ E/G d�w§  Ð� ,G 6= E  � |rf� . A¡rb��

G1 = {tx+ x0, x0 ∈ G, t ∈ R}.

.G1 Yl� f � f1 d§dm�  w�¤  µ� 
b�nF

�S� ,t ∈ G1 ��� ��

f1(y) = f1(tx+ x0) = tf1(x) + f1(x0) = tc+ f(x0),

17



¨�At�A� £CAyt�� �t§ 
�A� f1(x) = c �y��

(1.2.1) f1(tx+ x0) = p(tx+ x0),

�q�§¤ ¨W� f1 ,�§r`t�A� .∀y ∈ G1, f1(y) ≤ P (y)

∀x ∈ G, f1(x) = f(x),

t > 0. T�A� ¨� ,(1.1.2) Tn§Abtm�� �yb�

� T·�Ak� (1.1.2) Tn§Abtm�� An§d�

f1(x+
x0
t

) ≤ p(x+
x0
t

),

Ty�At�� Tn§Abtml� T·�Ak� Tq�As�� Tn§Abtm�� ¢n�¤ ,
x0

t ∈ G ¤ ¨W� f1  ±

c+ f(
x0
t

) ≤ p(x+
x0
t

),

,Yn`m�

(1.2.2) p(x+
x0
t

)− f(
x0
t

) ≥ c.

� T·�Ak� )1.1.2( Tn§Abtm�� ,t < 0 ÃR

f1(x+
x0
t

) ≤ p(x+
x0
t

),

:Ty�At�� Tn§Abtm�� �¡rb§ �@¡¤

(1.2.3) −p(−x− x0
t

)− f(
x0
t

) ≤ c.

,x′, x′′ ∈ G ��� �� .(3.1.2) w(2.1.2) �q�t§ ©@�� c  w�¤ CAhZ� ¨fk§ ,­w�rm�� T�ytn�� Y�� �w}wl� ,¢n�¤

An§d�

f(x′′)− f(x′) ≤ p(x′′ − x′) = p
(
(x′′ + x′)− (x′ + x)

)
≤ p(x′′ + x) + p(−x′ − x),

Yn`m�

−f(x′′) + p(x′′ + x) ≥ −f(x′) + p(x′ + x).

�S�

c′ = sup
x′∈G

(−f(x′)− p(x′ − x), c′′ = sup
x′′∈G

(−f(x′′)− p(x′′ + x)),

Hf� ¨�¤ G′1 Yl� ¨W� �kJ ¨¡ f1(tx + x0) = tc + f(x0) 
 T�r`� f1 AS§� ,c′ ≤ c′′) ¤ �§ w�w� c′′ ¤ c′

�q�§ G′1 Yl� f � d§dm� 
�w��

f1(tx+ x0) ≤ p(tx+ x0),

.∀y ∈ G1, f1(y) ≤ p(y)  Ð�

: Aty�At��  At�A��� An§d� T§r\n�� �Ab�³  µ�



,E = ∪∞n=1Gn Yn`m� ,E T�As� d�w� ­ ¤d� T�wm�� �An¡ .(1)

Gn Yl� f � d§dm� fn  � Y�� �O� ���rt�A� .��A...G2 Yl� f1 � à f2 ¤ G1 Yl� f � f1 d§dm� d�w§  Ð�

�q��¤

∀y ∈ Gn, fn(y) ≤ p(y),

�q�§ E Yl� f � f∗ d§dm� d�w§  Ð� ,E = ∪∞n=1Gn  ±

∀x ∈ E, f∗(x) ≤ p(x).

:�q�� ¨t��¤ f � g xtu� à Tnkmm�� ��d§dmt�� �� T�wm�m� AGn
Y� ryK� ,T�A`�� T�A��� ¨� .(2)

∀x ∈ E, g(x) ≤ p(x).

ra f1, f2 ∈ AGn
�� ��� �� ,≺ T�®`�� AGn

Yl� �r`�

f1 ≺ f2 ⇔

 G1 ⊂ G2,

∀x ∈ G, f1(x) = f2(x)

.¨¶z� 	y�r� T�®� ≺ T�®`��

fi �§r`� T�wm�� Gi ¤ G′ = ∪i∈IGi Yl� T�r`� f ′  � �R�¤ ,AGn
�� Tb�r� T�wm�� (fi)i∈I �ky�

�q�� ¨t��¤

∀x ∈ Gi, f ′(x) = fi(x), i ∈ I

¨m\�� rOn� �lm�
′fi) T�wm�m�� Zorn T·Vw� �Am`tF�� .(fi) � ¨m\�� rOn� ¨¡¤ AGn

Y�� ¨mtn�

.AGn
¨� f∗

 d� ¨�Am�� E Yl� �ÌÁr`u� f∗  � CAhZ� ¨fk§ ��@� ,T§r\n�� ¨� 
w�rm��  �dt�¯� w¡f ′  � �ybnF

.�y�}

w¡ f∗  � {�An§ �@¡¤ f∗ þ�  �dt�� d�w§ �¾Ð� ,��Ak�A� E Yl� �Är`� ry� f∗  � |rf� ,{�Ant�A�

.¨m\�±� rOn`��

:�q�§¤ E Yl� �r`� f∗ ¨W� �kJ d�w§ ,¨�At�A�¤ ∀x ∈ G, f∗(x) = f(x),

∀x ∈ E, f∗(x) ≤ p(x)

f̃ d§dm� �lm§ f , Ð� .G Yl� ¨W� �kJ f ¤ E �� ¨¶z� ¨�A`J ºAS� G ¤ ¨qyq� ¨�A`J ºAS� E �ky� 2.1.2 T§r\�

.‖f̃‖E∗ = ‖f‖G∗ �� E Yl�

.T�wlWm�� T�ytn�� Y�� �O� �An�  A¡ T§r\� �bW�¤ p(x) = ‖f‖G‖x‖ @��� Xq� . A¡rb��

.‖f‖ = 1 � f(x) = ‖x‖�y�� ,f ∈ E∗ d�w§ E �� x 6= 0 �� ��� �� , ¨my\� ¨�A`J ºAS� E �ky� 1.1.2 T�yt�



.f(λx) = λ‖x‖ ¤ G = Kx @��� . A¡rb��

¤ f(x0) = ‖x0‖  � �R�¤ .f(x) = f(tx0) = t‖x0‖ ¨W��� �kK�� �r`� .G = {tx0, t ∈ R} �ky�  Ð�

‖f(x)‖ = |t|‖x0‖ = ‖tx0‖ = ‖x‖

→ ‖f‖G = 1.

An§d� ,f ∈ E∗ ¤ x ∈ E �� ��� ��¤ ¨my\� ¨�A`J ºAS� E �ky� 2.1.2 T�yt�

‖x‖ = sup
‖f‖≤1

|fx| = max
‖f‖≤1

|fx|.

An§d� . A¡rb��

sup
‖f‖≤1

|fx| ≤ ‖f‖‖x‖ ≤ ‖x‖.

Yl� �O�tn� ,f = 1
‖x‖f0(x) �S� .‖f0‖ = 1 � f0(x) = ‖x‖ �q�§ f0 d�w§ ¢��� , ��Ð Yl� ­¤®�

sup
‖f‖≤1

|fx| ≤ sup
‖f‖≤1

f0(x)

‖x‖
≤ 1

→ ‖f‖.

.x = 0  A� �Ð� Xq�¤ �Ð� f(x) = 0  wk� f ∈ E∗ ��� �� 3.1.2 T�yt�

f(x) = 0.  � �R�¤ ,x = 0  A� �Ð� . A¡rb��

An§d� ,f ∈ B(0, 1) ⊂ E∗ ��� �� ¢��� f(x) = 0  A� �Ð�

‖f(x)‖ = 0→ sup ‖f(x)‖ = ‖x‖ = 0.

Tb�rm�� �An�  A¡ T§r\� 2.1.2

�q� Yl� ¨�A`J ºAS� E �ky� 3.1.2 T§r\�

:Ty�At�� ª¤rK�� �q�� E Yl� T�r`� T�� p ¤ E �� ¨¶z� ºAS� G ¤ C

;∀x ∈ E, p(x) ≥ 0 .(1)

;∀x, y ∈ E, p(x+ y) ≤ p(x) + p(y) .(2)

.∀x ∈ E,∀λ ∈ C, p(λx) = |λ|p(x) .(3)

�q�§ f̃ 	�r� ¨W� �kJ d�w§ ,f(x) ≤ p(x) ¤x ∈ G �� ��� �� �y�� ,G Yl� ¨W� �kJ f  A� �Ð�

.∀x ∈ E, |f̃(x)| ≤ p(x) � ∀x ∈ G, f̃(x) = f(x)



:An§d� TyRrfl� A¾Aq�¤ . A¡rb��

f(x) = g(x) + ih(x),

An§d� ,x ∈ G �� ��� �� «r�� Ty�A� �� . Ayqyq�  AyW�  ®kJ h ¤ g �y�

f(x) = g(ix) + ih(x) = ig(x)− h(x)

= if(x)

.h(x) = −g(ix) An§d� ,x ∈ G ��� �� ,¢n�¤

d§dm�  w§ Tyqyq��� �An�  A¡ T§r\� 	s�

�q�§ E Yl� g þ� g̃

∀x ∈ G, g̃(x) ≤ p(x)

⇒ −g̃(x) = g̃(−x) ≤ p(−x) = p(x)

⇒ |g̃(x)| ≤ p(x)

¨�At�A� f̃ �r`�

f̃(x) = g̃(x)− iĩg

�k�

f̃(ix) = g̃(ix)− ig̃(−x)

= g̃(ix) + ig̃(x) = if̃(x).

An§d� ,x ∈ G �� ��� �� .©dq� ¨W� �kJ f̃ ,  Ð�

f̃(x) = g̃(x)− ig̃(ix) = g(x)− ig(ix)

= g(x) + ih(x) = f(x).

 � 
b�� , µ� .f þ�  �dt�� w¡ f̃ ¢n�¤

∀x ∈ E, |f̃(x)| ≤ p(x).

d�n� ,	�r�  d`� ¨F±� �kK�� �m`ts� ,�`f�A�

f̃(x) = g̃(x)− ig̃(ix) = re−iθ

⇒ |f̃(x)| = r = eiθf̃(x) = f̃(xeiθ).

A¾AS§� An§d�¤ , Tyqyq� Ty�A�§� ­ry�±� Tmyq��

f̃(xeiθ) = g̃(xeiθ)− if̃(xeiθ)

⇒ |f̃(x)| = f̃(xeiθ) = |g̃(xeiθ)|

⇒ |f̃(x)| = |g̃(xeiθ)| ≤ p(xeiθ = eiθp(x).

.∀x ∈ E, |f̃(x)| ≤ p(x) ,¨�At�A�¤



�An�  A¡ T§r\n� ¨Fdnh�� �kK�� 2.2

T�d��  wk� C �y�� E �� �yy�A� ry�¤ �ylOfn� �y¶z� G ¤ C �ky�¤ .¨my\� ¨�A`J ºAS� E �ky� 1.2.2 T§r\�

¤ Tql��¤

:�y�� ϕ ∈ E∗ rmts�¤ ¨W� �kJ d�w§ , Ð� .T}�rt�¤ T�d�� G

sup
x∈C

Reϕ(x) < inf
y∈G

Reϕ(y).

�§CAm� 3.2

.¨W� T : E → F ¤ �yy�A`J �y¶AS� F ¤ E �ky� :�¤±� �§rmt��

.f ◦ T ∈ E∗ An§d� f ∈ F ∗, �� ��� ��  A� �Ð� Xq�¤ �Ð� rmts� T  � 
b��

.x0 ∈ E/F ¤ E �� �l�� ¨¶z� ºAS�F ,¨my\� ¨�A`J ºAS� E �ky� :¨�A��� �§rmt��

.x ∈ F,ϕ(x) = 0 �� ��� ��¤ ‖ϕ‖ = 1 �y�� ,ϕ ∈ E∗ d�w§ ¢�� 
b��

.E �� ¨¶z� ¨�A`J ºAS� �u F ¤ ¨my\� ¨�A`J ºAS� E �ky� :��A��� �§rmt��

.F = ∩{ker f, f ∈ E∗, F ⊂ ker f}  � 
b�� .(1)

F Yl� �d`n§ ©@�� E �� rmts�¤ ¨W� �kJ �� ��� ��  A� �Ð� Xq�¤ �Ð� E ¨� �y�� F  � �tntF� .(2)

.F = E ⇔ F⊥ ¤E Yl� �d`n§

:���r�� �§rmt��

�y�� ,T ���r� Yms§ ,T ∗ ∈ L(F ∗, E∗) d�w§ ¢�� r�@� .T ∈ L(E,F ) ¤ �yy�An� �y¶AS� F ,E �ky�

.x ∈ E � ψ ∈ F ∗ �� ��� �� ,T ∗ψ(x) = ψ(Tx)

.�§Abt� T ∗  A� �Ð� Xq�¤ �Ð� F ¨� �y�� TE  � 
b�� .(1)

.‖T ∗ψ‖ ≥ ‖ψ‖,∀ψ ∈ F ∗ �y�� ,c > 0 d�w§ ¢��� ,r�A� T  A� �Ð� ¢�� 
b�� .(2)

�q�§ ,(xn) ⊂ `∞ d�w§ �y�� ϕ ∈ (`∞)∗ d�w§ ¢�� 
b�� :H�A��� �§rmt��

lim
n→∞

inf xn ≤ ϕ(xn) ≤ lim
n→∞

supxn.


