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Chapter 1

Bilinear and quadratic Forms

1.1 Bilinear and sesquilinear forms

Throughout this paragraph, we denote by V' a vector (linear) space over the scalar
field K (R or C).

Definition 1.1. A bilinear form over V is a two-variables functional B :' V xV —
K, such that for all a, 8 € K and all x,y,z € V, we have

i) B(ax+y,z) =aB(z,2)+ By, 2),
ii) B(x,By+ z) = BB (z,y) + B(x,2) ..

In other words, B (-, -) is linear with respect to each of its components.
If B satisfies the above statement i) and

iii) B(z,ax +y) =aB(z,z)+ B(z,y), Va € C,Vz,y,z € V,
then B is called a sesquilinear form.

Example 1.1. The simplest example s the functions

B:RxR—R S:C—C
3(33',y)—>37y, (l’,y)—>$g

B is bilinear form and S is sesquilinear form.

Example 1.2. Suppose that V' is a vector space and let B be the inner product over
V, B(z,y) = (z,y), then, B is a bilinear form if (-,-) is a real valued inner product,
and a sesquilinear form if (-,-) is complex valued inner product.

Example 1.3. Let V' be an n—dimensional vector space, and let A be a square matriz
over K, A e M,, (K). For every u,v € V, we set

B (u,v) =u"Av = Z Ui Q505

1<i,j<n

3



CHAPTER 1. BILINEAR AND QUADRATIC FORMS 4

where, u! is the transpose of u. Then, B is a bilinear form over V.

Similarly, S (u,v) =u"Av =Y wa;;v;, is a sesquilinear form.
1<ij<n

Lemma 1.1. Let B be a bilnear or a sesquilinear form, then B (0,y) = B (z,0), for
all z,y € V.

Proof. B(0,y) = B(0+0,y) =2B(0,y), then B(0,y) = 0. O

Proposition 1.1. Let B be a bilinear form over a finite dimensional linear space V,
then, there exists a matric A € M,, (R), such that

B (u,v) = u’ Av.
Similarly, for every sesquilinear form S there exists a matric A € M,, (C), such that
S (u,v) = u” Av.
Demonstration. Let (e;) be a basis in V, then, it suffices to take a;; = B (e;, e;) in
the first case and a;; = S (e;, e;) in the second case, and A = (a;j) .

Definition 1.2. A bilinear form B is said to be:
1) symmetric if
B(x,y) = B(y,x), v,y €V,

2) skew-symmetric or anti-symmetric if
B(x7y) - —B(y,l'), V,T,y eV

Definition 1.3. A sesquilinear form S is said to be:
1) symmetric if

S(z,y) =95 (y,z), Vx,y €V,

2) skew-symmetric or anti-symmetric if

S(z,y) =-S5 (y,x), Yo,y € V.

Definition 1.4. A bilinear or a sesquilinear form B, is said to be
1) alternating if
B(z,x) =0, Vx €V,

2) non degenerate if
VeeV —{0},3y eV :B(z,y) #0,
then, a degenerate form is such that
dJreV —{0},VyeV:B(x,y) =0.

Example 1.4. The real inner product over V is a symmetric bilinear non degenerate
form.

The bilinear form B (u,v) = u’ Av is symmetric if and only if the matriz A is
symmetric, and it is skew-symmetric if and only if A is skew-symmetric.
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Definition 1.5. A bilinear or a sesquilinear form B is said to be positive if
B(x,x) >0,Vx €V,
and 1t said to be definite if
B(z,x) >0,Vex e V,z #0.

Example 1.5. Let V = L*(0,7) and

B(f.g) = / " f (@) g (@,

we have,

B(f,f>=/0 @) de >0, for all f #0,

then, B is positive definite.

In what follows in this paragraph, we suppose that V' is a normed space with
norm ||-|| .

Theorem 1.1. [Uniform boundedness princible| Let X be a Banach space, Y
a normed linear space, and let T, : X — Y, a € I, be a family of bounded linear
operators, T,, € £ (X,Y). Assume that the family {T,;« € I} is pointwise bounded,
that s,

Vo € X,3C, > 0: ||Tyz|| < Cp, Va € 1.

Then {Ty;a € I} is uniformly bounded, that is,
AC > 0: ||T.]| £ C, Va e I.

Definition 1.6. Let B : V x V — K, we say that B is continuous over V, if for all
(x,y) € V xV and for all € > 0, there exists o > 0,

V' y)eVxV:|(z,y)— (",¢)|| <a=|B(x,y) — B(2,y)] <e.
Proposition 1.2. Let B : V xV — K then, the following statements are equivalent

i) B is continuous,
i1) B is continuous at (0,0),
iii) 3C > 0, such that

1B (z,y)| < Cllz| lyll, Yo,y € V.

Demonstration. (i) = (ii) evident.
(11) = (iii), suppose that B continuous in (0,0), then from the definition we
have
Ve > 0,30 > 0: [[(z,9)|yy <= |B(z,y)| <e.
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If B is not continuous at (0,0), then there ezists € > 0, such that Vo > 0, 3 (z,y) €
VXVl 9)llywy <o and |B(z,y)| > e
Suppose that iii) is not satisfied, then,

¥n € N*, 3z, yn €V 1 |B (20, y0)| > 0 [l | [1ynll-

Clearly, x, # 0 and y, # 0. Then, if we set x} = m and y! = we have

Yn
nllynll’
1

———————— | B (zp,yn)| > 1.
n?[[za ] 1yl

1B (), y5)| =
Therefore, there exists 0 < e < 1, such that Vo > 0, there exist x), and y; such that
* * * * 1 * *
(x5, yo)ll = sup (2,1l lynll) = - <o but 1B (25, y,)] > 1> ¢,

which contradict (it).

(1ii) = (i). Suppose that (iii) is not satisfied and let (x,) and (y,) be two se-
quences from V' such that x,, — x and y, — y.

Thus, (z,,) and (y,) are bounded, that there exists M > 0, such that ||z,| < M
and ||yn|| < M. On the other hand, we have

|B (T, yn) — B (2, y)| < |B (%0, yn) — B (zn,y)| + |B (zn,y) — B (z,y)]
<|[B(@n, Yo —y)| + B (xn — z,9)|
< Cllaalllyn =yl + Cllyll lzn — ||
< OM |y =yl + Clyll lzn — z|| — 0,

which shows that B is continuous in each (x,y) € V x V, this completes the proof.

Lemma 1.2. Suppose that V' is a Banach space. Then, B is continuous if and only
it 18 separately continuous, that is continuous in each coordinate.

Demonstration. It suffices to prove the sufficiency of the condition.

Suppose that V' is a Banach space and B is separately continuous. For every
y e Vowith |ly|| =1, let T, = B(-,y) : V. — K. Then, {T,; ||yl = 1} is a family
of bounded operator. Moreover, for any fized x € V, {T,x = B (x,y); ||y =1} is
bounded, because

[Tyl = 1B (z,y)ll < Ce llyll = Cs.

This means that the family {T,; ||ly|| = 1} is pointwise bounded. Thus, from the uni-
form boundedness principle, there exixts C' > 0, such that

IT,| <C, Yy eV, |lyll = 1.
Consequently, for every x € V,

1B (@, 9)|l = [[Tyz| < Clz]|.
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Therefore, for every, z € V,z # 0,

zZ VA
Bla, 2 )| =B (z-2
I (””’M)H H (x’nzn)H”Z”

< Ol =]l

1B (2, 2)]| =

which proves that B is continuous.

Example 1.6. Let B be the bilinear form on H' (0,7) defined by

B (u,v) :/ uxvxda:+/ uvdzx.
0 0

H' (0, ) is endowed with the norm
llly = [lully + el -

We have,

| B (u,v)| §/ |uxvx|dx+/ |uv| dx
0 0

< (/ uidw) (/ vid:v) + (/ u2d:v> (/ vzda:)
0 0 0 0
< lualHlvall + [l o]l < (el + flell) Clvall + o] -

Consequently, B is continuous.

Remark 1.1. The reason for the name bounded for a continuous bilinear form B, is
Justified from the fact that B transform a bounded set S = {x € V; ||z|| < M} of V
into a bounded set {r € R;|r| < CM?} in R.

Definition 1.7. A bilinear form B on a normed vector space (V.|| - ||) is said to be
elliptic, or coercive, if there is a positive constant o > 0, such that

B(z,2) > olz|®, Ve e V.
Example 1.7. Let I be an interval in R, and p,q be two functions that satisfy
peC(I), geC(I)
and there exists o > 0, such that p (v) > a, for all x € 1.
Set V. = H} (I) endowed with the norm ||U||H3 =/ J; 2 (z)dzx, finally, let B be
defined on V. x V' by
B (u,v) = /p (@) uy () vy (x) do + /q () u(z)v(x)de.
I I
If ¢ > 0, then B is coercive. Indeed

B(u,u):/p(x)ug,(x)dx+/q(x)u2(x)dx

1 I
> a [k x)do = alully;.
1
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1.2 Quadratic forms

Definition 1.8. A quadratic form over V is a function q : V — K that satisfies the
two following statements :

i)
q(\z) = Nq(x), Vo € V,V)X €K, (1.1)

i1) the form B:V xV — K defined by

B(z,y)=q(r+y)—q(x) —qy) (1.2)

is bilinear. B
The bilinear form B is called the underlying bilinear form of q (or the associated

bilinear form of q). Note that B is always symmetric.
Example 1.8. 1) V =R, ¢(z) = az?,

Example 1.9. 2) V =R?, ¢(z,y) = az? + bxy,
are quadratic forms on V.

1)
q (A1) = Naz® = Nq(z).

B(z,y) =a(z+y) —ar® — ay® = 2axy.
2)
(A (2.y)) = a(Aa)* +b () () = A (a® + bay) = N (2,9),

B((xay)a(u7v)) ZQ(x+u7y+v)_q<x>y)_Q(uaU)
=a(z+u)’+b(x+u)(y+v) —ar® —bry — au® — buw
= 2axu + bxv + byu

B((z+2,y+9y),(w,v) =2a(x+ a2 ut+b(z+2)v+by+y)u
= 2azu + bxv + byu + 2az’u + bz'v + by'u

= E ((Ivy) ) (u> U)) + E ((Ilv y/) ) (U, U))
B((z,y), (u+u,v+v)) = 2az (u+u) + bz (v+0) + by (u+ )
= 2azu + bxv + byu + 2azxu’ + bxv' + byu’

= B((z,y), (u,v)) + B ((z,y), (')

B ((ax, ay) , (u,v)) = 2aczu + bazv + bayv
= aB ((z,y), (u,v)).
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Remark 1.2. If we set A = 0 in we get ¢ (0) = 0, and if we set A = —1 we
obtain q (—x) = q(x), that is q is an even function.

Lemma 1.3. For any bilinear and symmetric form B, there is an associated quadratic
form given by q (z) = B (z,x).
The form B is called the polar form of q.

Proof. 1) q(A\x) = B(\z,\x) = \>B (z,z) = Nq(x).

2) B(z,y)=q(z+y)—q(®)—qly)=B+yz+y) —B(z,z) - B(y,y)
= B (z,y) + B(y,x) = 2B (z,y), (1.3)

which is also a bilinear and symmetric form. O]

Example 1.10. If we take B the inner product over V, then, q (z) = (z,z) = ||z||*.

1.2.1 Polarization identity

Proposition 1.3. Let g be a quadratic form, then there exists a unique bilinear and
symmetric form B, such that q () = B (z,x).

Proof. Indeed, let
B(z,y)=5la(z+y) —q@)—q(y)],

then, B is bilinear and symmetric and

N —

B(e,2) = 5 [a (20) 29 (2)] = 5 Mg (2) ~ 24 (2)] = 4 (&),

Suppose that there exists an other bilinear and symmetric form B* such that ¢ (z) =
B* (x,z), then,

q(x+y)—q(r)—qy) =B (x+y,y+y) — B (z,r) = B*(y,y) = 2B" (z,y).

Therefore,
B (z,y) = B(z,y), Yo,y €V,

which shows the uniqueness of B. O]

Definition 1.9. The identity

lq(z+y) —q(z) —q )], (1.4)

N | —

B(:c,y) =

is called polarization identity.
The bilinear form B given by , is called the polar form associated to q.

Remark 1.3. The polar form associated to a quadratic form is alyaws symmetric.
The underlying form B and the polor form B are related by the relation B = 2B.
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Lemma 1.4. A quadratic form q satisfies also the identities

Blry)=lale+y) —q(—y) (15)

and
q(x+y)+q@—y)=2(q) +q(y)),

the last one is called parallelogram identity.

Proof. Let B be the polar form of ¢, from the identity (|1.4) we have

q(r+y)=2B(z,y) +q(x) +q(y)
then, replace y by —y we get,
q(r—y)=q(r+(-y) =2B(z,~y) +q(z) + ¢(~y)
= 2B (v,y) + q(v) +q(y)

consequently, (1.5 follows.
On the other hand

q(z+y)+q@—y) =B@+yr+y)+B@—yz—y)
=2B(z,z) + 2B (y,y)
=2(q(x) +q(y)),
which proves the parallelogram identity. O

Definition 1.10. Let q be a quadratic form and B be its polar form.

1) We say that q is non degenerate if B is non degenerate. Any element x € V| that
satisfies q (x) = 0, is called isotropic.

2) We say that the quadratic form q is positive if

q(z)>0,Vz eV,

3) the quadratic form q is called definite if it hasn’t any non-zero isotropic element,
that is
g(x) =0<=2=0.

A positive definite quadratic form is such that

q(x) >0, Vz #£0.

1.2.2 Cauchy Schwarz and Minkowsky’s inequalities

Proposition 1.4. (Cauchy Schwarz inequality) Let B be a symmetric and pos-
itive bilinear form and let g be the underlying quadratic form of B, Then, for all
x,y € V, B and q satisfy the Cauchy-Schwarz inequality,

1B (z,y)| < Vaq(x)vq(y).

In addition, if B is definite, the equality is reached if and only if x and y are collinear
(y = Az).
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Demonstration. 1) For any t € R, we have

q(tr +y) =2B (tr,y) + q (tx) + q (y)
= 2tB (z,y) + t*q (z) + ¢ (y) > 0.

If g (z) =0, then
2tB (z,y) +q(y) >0, VteR

which entails that B (z,y) = 0. If q (x) # 0, the trinomial P (t) = q (x) t*+2B (z,y) t+
q(y), doesn’t change sign, thus, A = 4B? (z,y) — 4q (z) ¢ (y) < 0, and the result fol-
lows.

2) On the other hand, if y = Az, we get

B(z, x) = AB (z,2) = A\ (z) = \/q () q () = Vq(2)\/q (y).

reciprocally, if the equality holds, the discriminant will be zero, and therefore q (tx + y) =
0, and since q is definite there exists to, such that tx +y =0, et y = —tox.

Corollary 1.1. (Minkowsky inequality) If q is positive, then

Vo,y € Viva(zy) < Va@) +va(y)
Proof. Let B be the polar form of ¢, then
q(r+y)=q(x)+2B(x,y) +q(y).

On the other hand, from the Cauchy-Schwarz inequality we have

0<q(x+y) <q(z)+2vVq(x)\/qy)+q(y
0<q(r+y) < (\/q +\/CI(?J)>

which completes the proof. O
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Exercise Sheet 1

Exercise 1.1. Let V = R[X] be the space of polynomials in x, and a,b € R. Define
the form B by

B(p,q) =p(a)q(b).

1) Show that B is a bilinear form on V.
2) Is it symmetric or skew-symmetric?

Exercise 1.2. Let V = C ([a,b],R) and B:V xV — R, given by

b
B(f.9) :/ f (@) g (x)do

Prove that B is a bilinear and symmetric form.

Exercise 1.3. Let A € M, x, (R) be a square matriz and B the form defined on
R" x R™ by B (u,v) = u’ Av.

1) Prove that B is bilinear form?

2) Say when B is symmetric and when it is skew-symmetric?

Exercise 1.4. B is the form defined on R? x R? by
B ((a,b),(c,d)) = 2ac + 4ad — be
Find the matriz A for which B (u,v) = ul Av.

Exercise 1.5. On My, (R) X My, (R) we define B by B (A,C) = tr (ATC).
Show that B is bilinear form.

Exercise 1.6. Let R, [X] be the space of polynomials of degree at most n. Define a
form B by

B(P,Q) = /1 tP(t) Q' (t)dt.
0
Prove that B is a bilinear form that is neither symmetric nor skew-symmetric.
Exercise 1.7. On the space of square matrix we define the functionals
 (A) = (tr (A)*, g2 (A) = tr (ATA).
Show that q; and qs are quadratic forms.
Exercise 1.8. Prove that q(z,y) = ax?® + bxy is a quadratic form on R2.

Exercise 1.9. Let q be a quadratic form on a vector space V. Assume that q is
definite.

Prove that q is either positive definite or negative definite, that is g does not change
Sgn.
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Exercise 1.10. Let q be a quadratic form and B its polar form. Prove the identity

1
B(z,y)=3la() +a(y) —a(z—y)].
Exercise 1.11. Let g be a quadratic form on'V and B its polar form. Suppose that B
is non degenerate, and let f :V — V be a bijective function that satisfies f (0) =0

and
q(f(x)—fy)=qr—y),Vo,yeV.

Prove that B (f (x), f(y)) = B(x,y) and that B(f (Ax +y),2) = AB(f(x),2) +
B(f(y),z), Vo,y,2 € V,VAER.
Show that f is linear.

Exercise 1.12. Let q be a quadratic form on a vectorial space V' over R. Let r € R,
we say that q reprensents r, if there exists v € V such that q(v) = r. Thus, q is
isotropic if q represents 0.

Suppose that q is isortopic and B is nondegenrate. Show that q represents every
reR.



Chapter 2

Bounded operators on Hilbert
spaces

2.1 Bounded linear Operators

In this paragraph, X and Y are two normed linear spaces defined on the same scalar
field IK.

Definition 2.1. A linear operator is a mapping T : D (T') C X — Y that satisfies:
T(ax+y)=aoT (x)+T(y), Ya e K, Vz,y € D(T),

where D (T) is a linear subspace of X, called the domain of T.
The image of x 1s denoted T'x and

R(T):={yeY;32e€ D(T),y="Tz}

is called the range or the image of T.
The space of all linear operators form X into Y is denoted by L (X,Y), it is a
linear space over IK with respect to the addition and multiplication by scalars,

(T+S)x=Tx+ Sz, Yz,y € D(T) N D(S),
(ANT)x = \(Tx), Yx,y € D(T).

The identity operator is denoted I, I (x) = x,Vx € X.

Definition 2.2. The operator T : D (T) C X — Y is said to be continuous or
bounded if it satifies the property

Ve € D(T),¥e > 0,30 >0:Vy € D(T); ||z —y|| <6 = |Tx — Ty|| < e.

The space of all bounded operators from X intoY is denoted by £ (X,Y) or (X,Y).
In particular, if Y = X the space is denoted by £ (X) and if Y = K, the space
Z (X, K) is written X' and called the dual space of X. The elements of X' are called
linear forms or functionals.

14
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Proposition 2.1. Let T : D(T) € X — Y be a linear operator, the following
statements are equivalent,

1) T is uniformly continuous on D (T),

2) T is continuous on D (1),

3) T is continuous in 0,

4)3C>0:Vee D(T),|z|| <1=|Tz| < C,
5)3C > 0,||Tz|| < C ||, Yz € D(T).

Proof. 1t is clear that 1) = 2) = 3). 3) = 4) Assume that 7" is continuous at 0,
then for € = 1 we have

30 >0:Ve e B ||z]| <d = ||Tz|| < 1,

then, for any = € E such that ||z| < 1 we have ||2|| < §, consequently

HOIR

therefore,
2
Tx|| < —=C.
7] < 2
To prove that 4) = 5), let x € E ifr # 0, we have H”—;‘H = 1, hence, by 4) we
deduce

I (1)l =<

which gives ||Tz|| < C'||z||. If x = 0 clearly ||T°(0)|| = C'||0||. Thus 5) is satisfied.
Finaly, let us show that 5) = 1). Let x,y € E and take ¢ > 0, since,

[Tz =Tyl =T (z —y)| < Cllz -yl

then, so that |72 — Ty|| < ¢, it suffices that C ||z — y|| < e, which is satisfied if
|z —y|| < & Thus, 0 = & guaranties the result. O

2.1.1 Norm of an operator

Lemma 2.1. Let X andY be two normed linear spaces, then, ||-|| : £ (Y, X) — R,
define by
1T 2 y.x) = sup {| Tzl ;2 € D(T), [l] <1}

is a norm on £ (Y, X).

Proof. 1) Suppose that T'= 0, that is Txt = 0 for allx € D (T') , then, sup  ||Tz| =
z€D(T),|lx||<1

0. Thus, || T|| = 0.
Reciprocally, suppose that ||T|| = sup ||Tz| =0, then, Tx = 0,Yx € D(T), |z| <
[l=]|<1

1.
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Suppose that z € D(T), ||z| > 1, then z = is such that ||z|| = 1 consequently

x
]
Tz = 0, which implies that Tz = 0 and therefore, Tx = 0, Yz € D(T).
ii) Let A € C, then,
[AT[| = sup [ATz|| = [A] sup [Ta|| = [ALT]] -

iii) Let S, T € Z (Y, X)
1T+ S|| = sup {[|[T'z + Sz| ;2 € D(T) N D(S), |lz| <1}

<sup{||Tz| + ||Sz||;z € D(T)N D (S) ||| <1} triangular inequality

<sup{||Tzl|;2 € x € D(T),[lz]| < 1} +sup {||Sz| ;2 € D (S), [lzf| < 1} = [[T]| + [|S]],

which completes the proof of the lemma. O

Example 2.1. Let T : Cr[0,1] — TR, be defined by Tf = f(0), and equipped
Cr [0, 1] by the usual norm || f|| = sup |f (x)|. We have
0<z<1

1Tl = sup [f(0)] < sup sup [f(z)| = sup [|f]| =1.
S | FI<10<e<1 !

On the other hand, let g : [0,1] — R with g (x) = 1, for all x € [0,1]. Then,
g € C[0,1] and ||g|]| = 1. Moreover, |Tq| = |g(0)] = 1, hence, ||T|| > |Tg| =
therefore ||T|| = 1.

Proposition 2.2. The norm defined above is also given by
|IT|| =inf{C >0:||Tz|| < C|z|,Yx € D(T)}.

Demonstration. 1) Since T is continuous, then from propsition there exists
C >0, such that ||Tz|| < C||z||, Yz € D(T).
ForallC e {C>0:|Tz| <C|x|,Yz e D(T)}, we have

IT|=sup [[Tz|| < sup [[Tz]| <C.
2€D(T),||z||<1 zeD(T)

Thus,
|IT)| <inf{C >0:||Tz|| <C|z|,Yx € D(T)}.

Conversely, denote inf {C > 0: ||Tz| < C|z|,VYx € D(T)} = C, then, for alle > 0,
there exists x. € D (T), such that

Tz > (U — 5) x
Clearly, x. # 0, then,

Ve > O, Elys - | HTyEH > ( )’

[EA] e\

therefore,

Ve > 0,3dy. = T = sup || Tye| > (6— 6) }

I sH lyell<1
Passing to the limit € — 0, we infer that

|T|| >C=inf{C >0:|Tz| <C|z|,vx € D(T)},
hence the equality ||T|| =
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2.1.2 Topology of .Z (X)

Let X be a Banach space and . (X)) the space of all linear and bounded operators
on X, it is an algebra with respect the addition, the multiplication by scalars defined
above and the multiplication

TS (x)=T(S(x)), v € {x € D(S); Sz € D(T)} .
The space .Z(X) can be endowed by three types of topologies:
1) Topology of uniform convergence: This topology is induced by the norm

1Tl = sup [[Tz|

[zl <1
and it characterized by the following type of convergence

T, — T uniformly in £ (X) <= lim ||T,, —T| =0.
n—-o0

Z(X) is a Banach algebra with respect this topology.

2) Strong topology: This topology is characterized by the fact that a sequence
of operators (T,),en converges to the operator T, if

T, 5T <= lim |T,z—Tz| =0, Vo € D(T).
n—aoo

3) Weak Topology: it characterized by the following type of convergence

T, > T <= lim (f,(T,—T)x)=0Vxec D(T),VfecX.

n—aoo

These three topologies are classified as follows:
The uniform topology is stronger that the strong topology which is stronger than the
weak topology.

2.1.3 Closed operator

Definition 2.3. The operator A: D (A) C X — Y, is said to be closed if D (A) x
R (A) is closed in the space X XY; that is

V(z,) C D(A):limx, =z, then, z € D(A), and lim Ax,, = Ax.

Remark 2.1. Let A: D(A) C X — Y be an operator. We sometimes endowed the
domain D(A) by the norm

[2llpeay = llzllx + [[Az]ly.
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Theorem 2.1. (closed Graph Theorem) Let X, Y be Banach spaces and A : D (A) C
X — Y be a linear operator. If the graph G (A) is closed in the topology of D(A),
then, the operator A is bounded.

Demonstration. Since X x Y is a Banach space and G(A) is closed, then G(A) is
a Banach subspace of X X Y.

Define the linear transformation R : G(A) — D(A) by R(x, Ax) = x. Then, R is a
bijection between G and D(A). Moreover

[7(z, Az)|| = |lz]| < |lz[| + [|Az]| = || (z, Az)llg(a).

Therefore, R is bounded and ||R|| < 1. Consequently, from the open mapping theorem,
there exists S : D(A) — G(A) such that SR = Igay and RS = Ip(ay. In particular
Sz = (z, Az), for all x € D(A).

Thus, ||Az|| < ||z|| + ||Az| = |[(z, Az)|| = [|Sz|| < ||S||||z||, which shows that A is
bounded.

Remark 2.2. If A is a closed operator, then, KerA is closed in X.

2.1.4 Invertible operators

Definition 2.4. An operator T € £ (X,Y) is said to be invertible if there exists
an operator S : R(T) C Y — X, such that S € £ (Y, X) and ST = Ipr) and
TS = Ig(r. In this case S is denoted T~

Example 2.2. For f € C'[0,1] and defined Ty € L(L*[0,1]) by

(Tru) (z) = f (x)u(z), uwe L?[0,1].
Clearly, Ty € £ (L*[0,1]). Let f be the function defined by f () =1+ x. Then, T}
is invertible. Indeed, for g(z) = ==, we have T, € % (L*[0,1]). Morevove,

=L,

(TyTyu) (x) = f(2) g (x) u (2) = u (z)
and

(TyTyu) (z) = g (2) f (z) u () = u(z)
which shows that Ty is invertible and Tf_1 =1T,.
Theorem 2.2. Let X be a Banach space and T € £ (X) with || —T|| < 1, then, T
is wnvertible with

T = (I-T)".
n>0

Proof. Since |[I —T|| < 1 the serie > |[I —T||" converges. On the other hand
n>0
(I =T)" < |[I—="T|", then the serie > |[(I —T)"|| converges and > (I —T)"
n>0

n>0
k
is absolutely convergent serie, let S be its limit and Sy = > (I — T)", then we have

n=0

ITSk = I = (1 = (T = T)) S = 1| = || = )| < iz = 7))+



CHAPTER 2. BOUNDED OPERATORS ON HILBERT SPACES 19

Thus,
0< lim ||TS, —I|| < lim ||(I —T)|""" =0.
k—so00 k—o00

Therefore, TS — I = lim (T'Sy —I) = 0. Similarly ST — I= lim (ST —1) = 0,
k—>00 k—so00

which completes the proof. 0

Theorem 2.3. Let T be a linear operator from normed linear space X into normed
linear space Y. Then, T~ exists and is continuous, if and only if there m > 0, such
that

|Tz|| > m|z|, Vx € X.

Definition 2.5. Let X,Y be normed linear spaces. If an invertible operator T &
Z(X,Y) exists then X,Y are isomorphic, and T is an isomorphism (between X and
Y ).

Lemma 2.2. If the normed linear spaces X,Y , are isomorphic, then:

a) dim X < oo if and only if dimY < oo, in which case dim X = dimY,

b) X is separable if and only if Y is separable,

c) X is complete (i.e., Banach) if and only if Y is complete (i.e., Banach).

Theorem 2.4. Soient X et Y deuz espaces de Banach, alors si T € £ (X,Y) est
bijectif, il est inversible.

2.2 Riesz représentation theorem

Let H be a Hilbert space over R or C, and ¢ € H' be bounded linear functional on
H.

Definition 2.6. Let H be a Hilbert space over IK and let H' = £ (H,IK) its dual.
Denote by (-|-) the inner product over H, and (-,-) the duality pairing over H' x H,
where for any ¢ € H' and any v € H, {p,v) is the value of ¢ in v. The following is
called the Riesz Representation Theorem:

Theorem 2.5. For every ¢ € H', there exists a unique f € H, such that for every
v € H we have
(p,v) = (v|f) Vv eH.

Moreover,
el = 1f 1l -

Demonstration. Denote by

N (@) ={veH;{(p,v) =0}

the nul subspace of . N () is a closed subspace of H.
If (p,v) =0 for every v € H, then it suffices to choose f = 0.
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Assume that @ # 0, then, N(@) # H, consequently, (N (¢))" # {0} and H =
N(p) & (N(p))* and there exists = € (N (@) such that (p,z) # 0, Clearly z # 0
and one can take

(p,z) = 1.

For every v € H we have
(0,0 = (p,0) 2) = {p,0) = (p,v) (¢, 2) = 0,
Thus, v — (¢, v) z € N () and since z € (N (¢))" one gets
(v —={p,v) 2[z) =0,

Set [ = then

=]
0IF) = (o.2) (1) = G, eI

gl TN
(o.0) (t12s) = el

[El

This completes the proof of the first statement.
On the other hand, let ||[v|| < 1, then,

Thus,

el = ”81”151|<s0,v>| = sup [(flv)| < sup [[f][{lvll < Ifll; -

llvfl<1 lvll<1
Set v = —”}cH, then ||v]| = 1, we have
(o, I _ (L)
> = = p—
lell = K, v)] 7 T 171

Thus, ||¢|l1 = I fll4 -

Remark 2.3. From the Riesz representation Theorem, any Hilbert space H is iden-
tified with its dual H' and the duality pairing (-,-) can be showed as an inner product
over H.

Theorem 2.6. (Laz-Milgram) Let B : H x H — IK be a bilinear continuous and
coercive form, then for any linear and continuous form L : H — K, there exists a

unique u € H such that
B (u,v) = Lv, Yv € H.

Furthermore, if B is symmetric, u is satisfied the property

1 1
§B (u,u) — Lu = min {53 (v,v) — LU} :

veH
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Exercise Sheet 2

Exercise 2.1. Assume that {cn}n21 € (> and let T be the transformation defined by

T:0? — (2

1) Prove that T is linear continuous operator and determine its norm.

2) Suppose the inf {|c,|,n > 1} > 0. Prove that T is bijective. Determine in this
case T~ and calculate its norm.

8) Assume that one of the c,, is zero. Show that T is neither injective nor surjective
and that R (T) # (%

4) Suppose that Vn > 1, ¢, # 0, but inf {|c,| ,n > 1} = 0. Show that T is injective

but not surjective and that R (T) = (2.

Exercise 2.2. Let {cp},~, € (> and T : {* — R be defined by T ({xn}) = 3 catn.

n>1
Show that T is continuous and determine its norm.

Exercise 2.3. Let k : [a,b] x [a,b] — R be a continuous function and A : C'|a,b] —
C'|a, b] the operator defined by

mnmz/k@wﬂw@

1) Prove that A € £ (C'[a,b]) .
2) Set k(x,y) = ysin(x —y). Show that if |y| < 1, then for any g € C ([a,b])
there exists a unique f € C ([a,b]) such that

ﬂ@zﬁ@+/k@wﬁ@M9

Exercise 2.4. Let P be the space of polynomials on t over [0,1] and A: P — P be
definied A (p) = p'.
Show that A is not continuous.

Exercise 2.5. Prove that the set of all invertible operator is an open subspece of

Z(H,K).

Exercise 2.6. Prove that if A € £ (H,K) is invertible, then, for any x € H, one
-1
has || Az[| > [[A7Y ||l=| -

Exercise 2.7. Suppose that X is a Banach space, Y is a normed space and T €
Z(X,)Y).

Prove that if there exists a > 0 such that ||Tz|| > a||z|| for all z € X, then R(T) is
closed.
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2.3 The adjoint of an operator in a Hilbert space

Let A: D(A) C X — Y be an unbounded operator with dense domain D (A) = X.
Proposition 2.3. Define the set
D(A") : {¢ € Y':3e > 0 such that |(, Ax)| < c|lz|y Y2z € D (A)}
Then, for all » € D (A*) there exists a unique ¢ € X’ such that
(Y, Ax) = (p,z), Vr € D (A).

Demonstration. D (A*) is a linear subspace of Y'. Let f : D(A) — Y be define
by f (x) = (¢, Ax) , it is clear that f is linear and

|f (@) = [, Ar)| < el x -

From Hahn-Banach Theorem, we deduce that f can be prolonged linearly by a unique
¢ : X — IR, such that
o (@) < cllz]], Vo € X,

consequently, ¢ € X' and since ¢ is the prolongement of f, we get
(Y, Ax) = (p,z), Vr € D (A).
Definition 2.7. The mapping
A DA CcY — X'
LY — o = A%,

is called the adjoint operator of A and denoted A*, it is a bounded operator that
satisfies

(A%, z) = (¢, Az), Vb € D (A*), Vo € D (A).

Remark 2.4. It is necessary that D (A) be dense in X, to define A* correctly. Indeed,
suppose that there exist 1, o € X' such that A*) = o1 et A*1p = g, then,

(A%, ) = (p1,2) = (@2, 2) , Vo € D (A)

therefore
(p1 — o, ) =0, Vr € D (A)

which implies that o1 — ps = 0, if and only if D (A) is dense in X.
Remark 2.5. D (A*) can be not dense in Y".

Theorem 2.7. Let H and K be two Hilbert spaces over the same scalar field IK,
and let A € £ (H,K) be a linear and bounded operator. Then, there exists a unique
operator from A* € £ (KC,H) such that

(Az,y) = (z,A%y), Vo € H,Vy € K.
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Demonstration. Fiz y € K, and let f : H — R be defined by f (x) = (Ax,y).
Clearly, f is linear, further we have

|f (@) = [(Az, y)| < [[Az[[ [yl < Al NylH[z]} = C ]l

which shows that f is continuous. Therefore, f € H'. On the other hand, using Riesz
representation theorem, we infer that there exists a unique z € H such that

(Az,y) = f (¢) = (v,2) , Va € H.
Put z = A*y, we define a map A* : K — H which satisfies
(Az,y) = (z,A*y), Vo € H,Vy € K.

It remains to show that A* € £ (K, H), that is A* is linear and continuous.
First, for y1,y2 € K and o € IK, we have for any x € H:

(z, A" (ar + y2)) = (Az, ayr + y2)
= a(Az,y1) + (Az,y2)
= a(z, A'yr) + (z, A'ys)
= (z,aA™y + A%ya),

therefore, A* (ay; + y2) = aA*y; + A%y, which shows the linearity of A*.
Secondly,
|A"y|* = (A7, A%y) = (AA"y,y),

by Chauchy—Schwarz’s inequality we deduce
1A y[1* < A4yl vl < A Al 9]l

If Ay =0, then, 0 = [[A"y|| < || A[[[ly]l-
If A*y # 0, dividing by ||A*y|| we obtain
1Ayl < [[Al [yll, if A"y # 0,

then,
[A [l < [ Al lyll, vy € K

which proves the boundedness of A* and that || A*|| < || A]l.
Finally, suppose that there exist two operators A} et A% satisfy

(A:E’y) = (vaTy) = (va;y) , Vo € H, vy €K,

then,
(z,(A] —A3)y) =0, Ve e H,Vy e K

which implies that (A} — A5)y = 0,Vy € K, hence A} = A} and A* is unique.

Definition 2.8. The operator A* just constructed is called the adjoint operator of A.
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Example 2.3. Endowed R? by the canonical basis {e1,es} = {(1,0),(0,1)} and let

A€ Z (R?) given by
o @11 A12 xy
A@jhxz) B ( 21 (22 ) ( T2 ) '

Assume that A* is given by a matriz B = (b;;) , that is

A" (y1,42) =B<y1 )

Y2

Recall that
(Az,y) = (z, A"y),

an®r+aerz \ (v \ _ (21 ) [ buyy + by
2171 + T2 Y2 To baryr + basy )

a1121Y1 + a12T2Y1 + a21T1Y2 + a20T2Y2 = briw1y1 + Doy + ba1w2y1 + baaaye

that s,

then,

which gives,
by = a1, by = as1, by = a12, baa = ase.

( air Q2 >* _ ( apr a1 )
a91 a99 a12 Qa22 '
Remark 2.6. Note that if A € £ (C?), then the adjoint of A is given by
A — ( @ )
aiy G )
Example 2.4. Let k € C'[0,1] and A € £ (L?*[0,1]) defined by

(Af) () = k() f (x).

Thus,

We have
(Af,g) = (f,A%g), ¥f,g € L*[0,1],

that s . .

| k@ @s@de= [ ) ag@anysge o,
therefore, A*g (x) = k () g (z), thus, A* = A.
Example 2.5. Let T : 2 (R) — (2 (R)

T (x,) = (0,22,23, )
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<T (xn) ) (yn» = Zmnyn

Now, suppose that T* (y,) = (z,), then,

(@) T () = (@), (z)) = Sz = S

For
Definition 2.9. If A* = A we say that the operator A is self adjoint.
Remark 2.7. Clearly, I* = 1.

Lemma 2.3. Let H, K and N by three Hilbert spaces over C and let \,u € C,
A,Be X (H,K) and T € L(K,N). Therefore,

1) (M + uB)" = \A* + 1B,

2) (AT)" =T+A"

Proof. Exercise. O
Theorem 2.8. Let H, K be two Hilbert spaces over C and A € £ (H,K), then,

1) (A7) =4,

2) |14°)| = Al

3) the function F : L (H,K) — Z (K, H) defined by F (A) = A* is continuous,
4) A4l = [AA] = | Al

Demonstration. 1) For the definition, we have (x,(A*)"y) = (A*z,y) = (y, A*x) =
(Ay,z) = (x,Ay), Vo € H, Vy € K. Thus, (A*)" = A.
2) In the proof of Theorem[2.7, we have shown that ||A*| < ||A]| .
Applying this fact to A* we get ||A|| = ||(A*)*]| < ||A*|| then the equality followed.
3) From the above lemma, we have

|1F(R) = F(S)I| = |R" = S"[| = [[(R=5)"|| = IR = S|
then, for any e > 0, it suffices to take § = e, and hence
Ve>0,30>0:||R—S||<d=||R"— 5| <e.

4) Firstly, we have
* * 2
[A*A < [[A*[[|A]l = [|A]]" .

On the other hand

1Az||* = (Az, Az) = (A" Az, 2) < || A" Ax|l ||z < [|AA|| ],
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therefore,

2
1A° = (supl HMH> = sup [[Az|* < sup A" A [lz]* = [|A*A].

llzl< llz)<1
Thus, ||A*A| = || A|*.
Lemma 2.4. Let H, K be two Hilbert spaces over C and A € £ (H,K), then,
1) ker A = (Im A*)*,
2) ker A* = (ImA)*",
3) ker A* = {0} if and only if Im A is dense in K.
Proof. 1) Let z € ker A and z € Im A* then Jy € K such that z = A*y, we have
(z,2) = (v, A%y) = (Az,y) = (0,9) = 0,

this shows that 2 € (Im A*)" and hence ker A C (Im A*)" . On the other hand,
suppose that = € (Im A*)* . Since A*Az € Im A*, then

(x, A" Ax) =0,
(0, A" Ax) = (Ax, Az) = | Ax]P = 0,

therefore, Az = 0, hence = € ker A and (Im A"‘)L C ker A, consequently, ker A =
(Im A*)*. 2) From 1) we deduce, ker A* = (Im (A*)*)" = (Im A)*. 3) Recall that
(FL)l = F and if F is closed, (FL)L = F. Suppose that ker A* = {0} then, from

L _
2) we have (Im A)" = {0}, then ((Im A)l> = {0} which gives Im A4 = {0}~ = K.

N L
Conversely, suppose that Im A = IC, that is, ((Im A)L> = K. Therefore
Nt
(((ImA)L> ) = Kt = {0}

N L
Since (Im A)* is closed we have <<(Im A)L> ) — (Im A)" = ker A*. Consequently,

ker A* = {0}.
[

Corollary 2.1. Let H be a C-Hilbert space and A € £ (H). The following state-
ments are equivalent

Corollary 2.1. 1) A is invertible,
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2 ker A* = {0} and there exists a« > 0 such that ||Az|| > a||z||, Vo € H.

1) = 2) Suppose that A is invertible, then Im A = H and from number 3 of
the previous lemma, ker A* = {0}. On the other hand, since A is invertible A™! is
bounded, then

Je>0: Ay < eyl

But Im A = H, then
VeeH,yeH:y=Azx,z=A1y.
Thus, for a = l we have
c
A7y < cllyll <= allz]| < [|Az]].

2) = 1) If ker A* = {0} then, Im A is dense in H. Let y € H and {y,} C Im A be a
sequence that converges to y. Then, {y,} is a Cauchy sequence and

[yn = Ymll = [[Azn — Azp|| = [|A (@0 — z0) | 2 a2y — 20|,
therefore {z,} is a Cauchy too. Since H is complete, {z,} converges to an =z € H.

Moreover, since A is continuous

y= lim y, = lim Ax, :A< lim xn> = Ax.
n—>-s~oQ

n—ao0 n—aoo

Consequently, y € Im A and Im A is closed, which shows that ImA = H. On the
other hand, if = € ker A, one has Az = 0, then 0 = ||Az| > «||z|| > 0, which shows
that A is injective, hence bijective. Since A is also continuous, we deduce by Banach
theorem that A is invertible.

Example 2.6. Let S € £ ((?) defined by
S(xl’x27x3 : "7> - (O)xthax?ﬂ te ) .

We can prove that S* (y1,y2,Ys, - - ) = (Y2, 93, - -) . Thus, (1,0,0,---) € ker S* which
shows that ker S* # {0}. Therefore, S is non invertible.

Lemma 2.5. Let A € £ (H) be a linear and continuous operator on the Hilbert space
H. Then, A is invertible if and only if A* est invertible. In this case, also we have
(A = (A7

Suppose that A is invertible, then A~! exists and we have AA™' = A71A = T,
then, (AA™1)" = (A71A)" = I, consequently,

(A7) A = A" (A7) = 1.

Thus, A* is invertible et (4*)™' = (A71)".

Reciprocally, if A* is invertible, then, using the above argument, we deduce that
A = (A*)" is invertible and

AT = (A7) = (A7)

consequently, (A1) = (4*)7".
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2.4 Self adjoint and normal operators

We have already defined the self adjoint operator. Let us give the definition of normal
operator

Definition 2.10. let H be a Hilbert space and A € £ (H). The operator A is said
to be normal if

ATA = AA".
Example 2.7. Let k € C'[0,1] and consider the complex Hilbert space L*[0,1]. Let
A€ Z(L?[0,1]) be defined by

(Af) (z) =k (z) f (2),
then

(A°f) () = k(2)f (x)

and

(A"Af) (x) = (Akf) (2) = k ()k (2) f (2) =k (2) k (2) f (z) = (AA™f) (z).
Thus,
(A*Af) = (AA"[),
which shows that A is normal.

Lemma 2.6. Let S (H) be the set of all self adjoint operators over H. Then, for all
AMp € R, AS +uT € S(H) and S (H) is a closed linear subspace of £ (H) .

Proof. 1) Let \,p € R and S,T € S (H) . We have

(AS + uT)" = AS* + uT* = \S + uT.
2) Moreover, let {T},} be a sequence of self-adjoint operators which converges to
T € Z(H). since the function ' — T is continuous, then, {7} converges to 7.
But 7" = T,, then {7} converges to T. By the uniqueness of the limit we have
T =T. O
Lemma 2.7. Let H be a complex Hilbert space and T € £ (H), then,
1) TT* et T*T are self-adjoint operators,
2) there exist two self-adjoint operators R, S such that T = R +iS.

T+ T+
Proof. 1) (TT*)" = (T*) T* = TT* et (T*T)" = T* (T*)" = T*T. 2) Set R — —

*

and S = —— then T = R+ 14S et
)
. (T+T" *_T*—i—T_
e (TATY ST T,
and T—T*\" T*-—T
S:( 2 ): 5
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Lemma 2.8. Let H be a complex Hilbert space, A € £ (H) and A € C. Then, A is
normal if and only if (A — AI) is normal.

Proof. Si A est normal, alors
(A=) (A= X)) = (A" = XI) (A= )
= A*A - NA* — MA + I\
= AA* —NA = MA* 4+ DI
=A (A" = X)) — M (A" = XI)
= (A=) (A" = XI)
= (A= \) (A= \)".

Reciprocally, if (A — AI) is normal, then, A = (A — AI) — (=) [ is normal. O

Lemma 2.9. Let A € £ (H) be a normal operator. Then,

1) ||Az| = ||A*z||, Vo € H.

2) If there exists o > 0 such that ||Az|| > a||z||, Vo € H, then ker A* = {0} .

Proof. 1) Let x € H, since A*A = AA*, we have A*Ax = AA*z and hence
(A*Ax,z) = (AA*x, x)

and

(A, Az) = (A", A%z) <= | Az]]® = | 4"
2) Let y € ker A*, then, A*y = 0 and by virtue of 1) one gets
0= [[A"y[l = [| Ayl = e [ly]]
therefore ||y|| = 0, which implies that y = 0. Thus, ker A* = {0} . O

Corollary 2.2. Let A € £ (H) be a normal operator, the following statments are
equivalent

1) A is invertible,

2) there exists o > 0, such that ||Az|| > a||z||, Vx € H.

Proof. From corollary and number 2) in the previous lemma. O]

Definition 2.11. An operator A € £ (H) is said to be unitary if A*A = AA* = 1.
An isomory is an operator A € £ (H) that satisfies ||Az|| = ||z||, Vz € H, the

norm of an isomerty is equal 1, that is ||A|| = 1.

We denote by U (H) the set of all unitary operators over H.

Remark 2.8. A unitary oprator is invertible and its inverse is its adjoint.
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Theorem 2.9. Let A, B € £ (H), then,
1) A*A =1 if and only if A is isomerty.
2) B is unitary if and only if B is an isometry from H into H.

Demonstration. 1) Suppose that A*A = I, then,
|Az|? = (Az, Az) = (2, A" Az) = (z,3) = [l2]]>
Reciprocally, if A is an isometry then
(A*Ax, x) = (Azx, Az) = ||Az|)* = ||z])* = (z,2) = Iz, z), Vo € H

therefore, A*A = I.

2) Assume that B is a unitary operator, then, from 1) B is an isometry, and
moreover, Yy € H, y = B(B*y) € Im H, then Im H = H.

Reciprocally, if B is an isometry from H into H, from 1) we deduce that, B*B = I,
and since Im H = H we have,

VyeH, x € H; y=Bx
therefore,
BB*y = BB*(Bx) = B(B*Bx) =Bx =y
and consequently B is unitary.
Lemma 2.10. Let X be a complex inner product space and S,T € (X). Then, S =T
if and only if (T'x,z) = (Sx,x), Yo € D(T) N D(S).
Proof. Exercise. O]

Lemma 2.11. Let U(H) be the set of all unitary operators over H, then
1) If Ae U then A* € U and ||A|| = ||A*|| =1,

2) if A,BeU, then, ABe U and A™' € U,

3) U (H) is closed in £ (H).

Proof. 1) Since (A*)* = A and A € U, one gets
ATA™ = A"A* = AA" =1
which shows that A*is unitary.
Moreover, [|AA*|| = A = |A*||* = ||| = 1, then = [|A[| = [[A*]| = 1.
2) A7t = A* thus, A~ e U.
Assume that A, B € U, then

(AB)(AB)* = ABB*A* = A(BB")A* = AIA* = I.

3) Let (A,) be a convergent sequence of unitary operators and let A be its limit.
Since the function 7" — 7™ is continuous, then A} — A*. Further, we have

AA* = lim (4,A}) =1,
n—oo
and

A*A = lim (A%A,) =1

n—oo
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Exercise Sheet 3 .
Exercice 1. Let T : £2 — (2 be defined by
T ('xhx% T3, ) = (0,4371, $2,43§'3, Tyy ) .

Determine T™ the adjoint of T
Solution. Let z = (z,,) ,y = (yn) € £* and 2 = (2,) = T* (y,) . From the definition
we have
(Tz,y) = (2, T"y) = (z,2),

that is,
4r1Yo + woyz +4x3Ys + -+ = 1171 + ToZy + T3Z3 + - - -
therefore,
.7512_1 - 41‘1%, x22_2 - $2%, 1'32_3 - 4373%7 T
and

T (yn) = (49279374947 T )

Exercice 2. Let H be a Hilbert space with the inner product (-,-), a,b € H and
T,S € £ (H) defined by Tx = (a,b) z, Sx = (z,a) b. Determine T and S*.
Solution. Let x,y € H and z = T™y, such that

(T, y) = (2, T"y) = (z,2),
then,
{(a,b) z,y) = (z,2)
<x> Z) = <aa b> <x>y>
= (, (a, b>y> = (z,(b,a)y) ,Vo,y € H,

therefore, z = T*y = (a,b)y = (b, a) y.
Let w = S*y, then,

Thus, w = S*y = (b,y)a = (y, b) a.

Exercice 3. Prove that ker T' = ker T™T.

Solution. Let x € kerT, then, Tx = 0 hence, T*Tx = 0. Consequently, = €
ker T*T', then ker T" C ker T™T.
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Reciprocally, if z € ker T*T, then
0= (z,T"Tz) = (Tx,Tx) = | Tz||*,

therefore, Tx = 0 and = € ker T'. Thus, ker T*T C ker T
Exercice 4. Let T : (> — ¢* define by T'{z,} = {c,x,}, where {c,} € (.
Is T normal.
Solution. First, we have

(T{zn} Ayn}) = {enzn} {vn}) = Z CnTnlYn = Z TnCnYn = Z TnCnln
(T{xn} {un}) = {on} T {yn}) = Y 2%

therefore, T {y,,} = {Cuyn} -
On the other hand, we have

T*T{zx,} =T {cpxn} = {Crcnxn}
and
TT*{z,} = T{c,x,} = {c,cnzy}

that is T*T = TT™*. Thus, T is normal.
Exercice 5. Let T' € £ (H) such that | T*z| = ||Tz||, Yo € H. Prove that T is

normal.
Solution.

(T*Tz,x) = (T, Tx) = ||Tx| = | T"z||* = (T*z, T*z) = (TT*z, z)

Therefore, T*T =TT*.



Chapter 3

Compact operators

3.1 Introduction

Let (X,7T) be a topological space. A subset K C X, is said to be compact if every
open cover {U;},.; of K has a finite subcover {Ui},; -
Lemma 3.1. Let (X, d) be a metric space and K C X. Then, K is compact if and
only if every sequence (u,) C K has a convergent subsequence (uy, ) with limit { € K.
Definition 3.1. A set K is said to be relatively compact if K is compact.

Lemma 3.2. Let X be an infinite dimensional normed linear space, then, the unit
ball
B:={zeX:|z| <1}

1S mever compact.

Let xg € X and Span{z} be the subspace generates by z,. Then, Span{z,} is
finite dimensional subspace of X, consequently, Span{zy} is closed and Span{z} #
X.

From Riesz’s Lemma, we deduce that there exists 1 € X, ||z1|| = 1 such that

3
|lx1 — axo|| > 7 Va € R.

Similarly, Span{xg, z1} is closed finite dimensional subspace of X, then Span{zg, x1} #
X and there exists xo € X, [|z2|| = 1 such that

3
|xe — axg — Bl > 7 Ve e X, Vo, € R.

We continue in the same way, we construct a unitary sequence {x,} that satisfies
3
|xn — zm|| > 7 for all n # m. Therefore, we can’t extract any convergent sequence

from {x,} which shows that B is not compact.

33
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3.2 Compact operators

Definition 3.2. Let X,Y be normed spaces. A linear operator T € L(X,Y) is said
to be compact if the image by T of every bounded set B of X s relatively compact in
Y. The set of all compact operators from X into Y is denoted by # (X,Y).

Proposition 3.1. Let X,Y be normed spaces and T € £ (X,Y). The following
statements are equivalent:

1 T is compact.
2) The image of the unit ball Bx (0,1) of X is relatively compact in'Y.

3) Every bounded sequence {x,} in X has a subsequence x,, such that {Tz,,} con-
verges in Y .

Demonstration. Clearly 1)=—2).

2)=3) Suppose that 2) holds, then there exists r > 0, such that {z,,} C Bx (0,7) =
rBx (0,1), therefore, T {x,} C T (Bx (0,1)) which is compact, since T {x,} is
closed, then compact, consequently T {x,} is relatively compact.

3)=1) Let B C X be a bounded subset of X and {y,} a sequence of T (B). For
all n € N*, there exists z, € T (B) such that ||y, — z,|| < 5%, consequently, there
exists x,, € B such that z, = Tx,. Since {x,} C B is bounded, {z,} has a convergent

subsequence {z, } . Thus

klinoo Hynk - an” = 07

consequently, {y,,} converges to the same limit as {zy, }, which shows that T (B) is
relatively compact.

Lemma 3.3. Every compact operator T' € & (X,Y') is continuous.

Proof. Suppose that T' is not continuous, then, there exists a sequence {z,} of
unit vectors such that ||T'z,| > n, for all n. Since T" is compact, one can ex-
tract a subsequence {x,, } such that {Tz, } converges to y € Y, but this con-
tradicts the fact that ||Tz,,|| > ng. Consequently 7" is continuous (bounded) and

H(X)Y)CcZ(X,)Y). O
Theorem 3.1. The set & (X,Y) is a closed subspace of £ (X,Y') for the operator
norm.

Demonstration. 1) Let S, T € ¢ (X,Y) and o, 8 € C. Let {x,} be a bounded
sequence on X. Since S is compact, there exists a subsequence {x,, } such that
{Sx,,} convergents. On the other hand, since T' is compact, there exists a subse-
quence {x,, } for which {Tx,, } converges. Thus, {aSx,, -+ Tz, } converges.
Therefore oS + BT is compact.

2) Let {T,,} be a sequence of compact operators that converges to T, nli_r)noo T, —T| =

0. We will show that T 1s compact™ For all € > 0, there exists N € N such that

Vn > N;||T, — T < %
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Therefore,
€
Vn > N,Vz € Bx (0,1); ||Tx — Tz|| < 3

Take n > N and let {B, (yi,€)};c; where y; € Y, be an open cover of T (Bx (0,1)),
then, {Bo (yz-, %) }iel is an open cover of T,, (Bx (0,1)) . Since T,, is compact, there ex-
ists a finite subrecover { B, (y;, £) }ielo of T,, (Bx (0,1)), consequently, {B, (y;, 2¢)}
recover T (Bx (0,1)). Thus, T is compact.

i€lp

Proposition 3.2. Let T € Z(X,Y) and S € L(Y,Z). If at least one of the opera-
tors S, T is compact then ST is compact.

Proof. Let {z,} be a bounded sequence in X. If T is compact then, there exists a
subsequence on {x,, } such that {T'z,, } converges in Y, and, since S is continuous,
the sequence {STx,, } still convergent.

If T is not compact, then {T'z,} still bounded and, since S is compact there exist a
subsequence {STx,, } such that {ST'z,, } converges, therefore ST is compact. O

Definition 3.3. An operator T is said to be of finite rank, if its range (image) R (T)
is of finite dimension. In this case we note dimR(T) = r(T).

Proposition 3.3. 1) An operator of finite rank is compact.
2) If dim X or dimY is finite, then £ (X,Y) = ¢ (X,Y).

Proof. 1) Let {z,,} be a bounded sequence in X, then {T'z,} is bounded in R (7).
Since dim R (T') < oo, from Bolzano-Weistrass theorem, we deduce that {Tz,} has a
convergent subsequence. Thus 7' is compact.

2) If dimY < oo, then dim R(7T") < dimY < oo. If dim X < oo, then dim R (T") <
dim X, and the result follows from the statement 1). O

Theorem 3.2. Let {T,,} C Z(X,Y) be a sequence of bounded operators of finite
range and let T € L (X,Y) be its limit, then T is compact.

Proof. Since every operator of finite range is compact, and the set 2 (X, Y) is closed,
T est compact. []

Example 3.1. Let T € Z((?) be defined by: T{x,} = {n"'z,}.
For all k € N* define Tp{x,} = {y*} such that

k _ nileM ]' S n S k)
Yn = 0, n>k.

Every operator Ty, is linear bounded and of finite range, thus compact. On the other

hand,

| e szl
Jim (T = T} = Jim 30 S5 < lim s 3 feal” < Jim s = 0

n>k+1

Therefore, lim T}, =T which shows that T is compact.
n—oo
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Remark 3.1. In general, the converse is not true if Y is only a Banach space.
However, if Y is a Hilbert space, the converse is also valid.

Theorem 3.3. Let X be a linear normed space, H a Hilbert space and T € # (X, H)
a compact operator. Then, there exists a sequence {T,,} of finite rank operators which
converges to T in £ (X, H).

Demonstration. 1) If T itself is of finite rank, there is no thing to prove.

2) Suppose that T is not of finite rank. Then, R (T) is a closed separable subspace
of H. Consequently, it is a separable Hilbert subspace. Let {e,} be an orthonormal
basis of R (T).

For each k > 1 let My, := Span{ey,es,....,er} and Py the orthogonal projection of
R(T) on My, and T}, = P,T. Since R(T}) C My, Ty is of finite rank.

We will prove that klg]cf)lOHTk —T|| = 0. Suppose that this does not hold. Thus, we can

extract a subsequence {1y, } and there exists € > 0 such that | Ty, — T|| > ¢, for all
k€ N*. Therefore, there exists a sequence {xy,} C X of unit vectors such that

|(Ty, — T)ay|| > =, Vk € N*.

N ™M

Since T is compact, one can extract from {xy,} a subsequence which we still denoted
by {xx,} such that {Txy,} converges toy € H. We have

(Tkz - T)xkz = (Pkl - I)Txkl = (sz - I)y + (sz - I)(Txk‘z - y)

= — Z (Y, en)en + (P, — I)(Txy, — y),

TLZkl—‘rl
consequently,
c oo
5 = (T = T)aw || + > e + (1Pl + DI T, — ] =0,
n=k;+1

which is impossible. Thus, klim T — T = 0.
—00

Lemma 3.4. Let X be linear normed space of infinite dimensional, then the identity
operator is never compact.

Proof. Since dim X = oo, from the lemma there exists a sequence {z,} C X of
unit vectors which has no convergent subsequence, then {/x,} = {z,} doesn’t have
any convergent subsequence. O]

Corollary 3.1. If X is an infinite dimensional linear normed space and T' € K(X)
a compact operator, then T is not invertible.

Proof. Suppose that T is invertible, then I = T~'T is compact, which contradicts
the lemma 3.4 O
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Theorem 3.4. Let T € #(X,Y) then R(T) and R(T) are separable.

Demonstration. It is well known that a compact subset of a metric space is separable
and that a subset of a separable set is also separable.

For everyn € N* we set R, = T(B(0,n)) the image by T of the ball of radius n. Since
T is compact R, is relatively compact, then separable. Consequently, R(T) = ngan

is separable. On the other hand, every dense subset in R(T) is also dense in R(T),
hence R(T) is also separable.

3.3 The adjoint of compact operator

Lemma 3.5. Let H be a Hilbert space and let T € £ (H) be an operator. Then,
r(T) = r(T*). (Both finite or infinite dimensional).

Demonstration. Suppose that r(T) < co. For every y € H we write the orthogonal
decomposition of y with respect to ker(T*), y = u + v where u € ker(T*) and v €
(ker(T*))t = R(T). Since r(T) < oo we have R(T) = R(T). Thus, T*y = T*(u +
v) = T*u+T*v = T*v. Consequently, R(T*) = T*(R(T)) which implies that r(T*) <
r(T) < oc.

Applying this result for T* and recalling that (T*)" = T we conclude that r(T) <
r(T*) < oo, thus the equality follows.

If one of r(T) or r(T*) is infinite the other can’t be finite.

Theorem 3.5. Let H be a Hilbert space and T L (H), then T is compact if and only
if T* is compact.

Proof. Suppose that T is compact, then, there exists a sequence of finite rank oper-
ators that converges to 1. The adjoint 7T de chaque opérateur ests of any 7, is of
finite rank because of r(7*) = r(T'); On the other hand

lim ||T* — T%|| = lim ||T,, — T|| = 0
n—oo n—oo

therefore T™ is compact as limit of a sequence of finite rank operators. O
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Exercise Sheet 4
Master 1

Exercise 1.
Recall that an orthogonal projection in a Hilbert space H is an operator P such that
P = pP* = P2
An operator T' € H is said to be positive if (Tx,z) >0, Vo € H.
Let P : C® — C? by defined by

P(x,y,2) = (z,y,0).

Prove that P is a positive projection.

Exercise 2.
Let M be a closed subset of a Hilbert space H. For any x € H let x = u + v be the
orthogonal decomposition with respect to M of x, that is u € M, v € M*.
Let P: H — H by defined by Pz = u.
Prove that P € Z(H), P is projection, ||P|| < 1 and that R(P) = M and ker(P) =
M+,

Exercise 3.
Let H be a Hilbert space with the inner product (-,-), and let a,b € H. Define
T € 4(H) by Tx = (x,a)b. Show that T" is compact.

Exercise 4.
Let H be a Hilbert space and T' € Z(H). Prove that if T*T" is compact, then 7" and
T* are compact.

Exercise 5.
Let H be a Hilbert space and (e)>1 an orthonormal basis of H. Define an operator

T by
T (Z xkek) = Z %kak_l.

k>1 k=2

Show that T is compact and determine 7.

Exercise 6.
Let k be a continuous function & : [0,1] x [0,1] — R. Define the operator T €
Z(C([0,1])) by

1
T = k ds.
1) = [ bt (s)ds
) Show that for any f € C(]0,1]) we have Tf € C([0,1]) and that ||T| =
sup / |k(t, s)|ds.

tE 0 1
Show that T is a compact operator.
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Solution

Exercise 1.
Clearly, P is linear. Moreover, since C? is finite dimensional, P is continuous. Or
|P(z,y,2)|*> = |z]*+|y|* < |z|*+|y|*+|2|?, which shows that || PU|| < ||U]|, therefore,
P is continuous.
On the other hand,

(P(x,y,2), (u,v,w)) = au+yv = ((z,y, 2), P(u,v,w)).

Thus, P* = P (P is self-adjoint). Moreover, P*(z,y,z) = P(z,y,0) = (z,9,0) =
P(z,y,z) which shows that P? = P.

Exercise 2.
First, we prove that P is linear and continuous.
Let z,y € H and x = u+ v, y = z 4+ w then for all « € C we have ar +y =
(au+2)+ (av+w). Since M is a subspace au+ 2z € M and av +w € M+, therefore
P(ax +vy) = au+ z = aPxz + Py. Thus P is linear. Moreover, we have

12[1* = (u+v,u+v) = (u,u) = ||ull?,

then, ||Pz||? = ||ul|* = ||z||?, which shows that, P is continuous.
Next, we prove that P is an orthogonal projection.

(Px,y) = (u, z +w) = (u, 2)

and
(x, Py) = (u+wv,2) = (u, 2)

Thus, P* = P.
Finally, since u € M then u = u + 0 and Pu = u, therefore, P’z = PPx = Pu =
u = Px.

Clearly,P(H) C M. Moreover, if z € M then Px = z, then,M C P(M),
which shows that M = R(P). On the other hand, since ker(P) = (Im(P*))* =
(Im(P))* = M+

Exercise 6. Let f € C([0,1]) and set || f|ly = [, | f(x)|dz, then

1 1
11l = / F@)ldz < |l / 0z = ||l < o0,

Next, let € > 0. Since k is a continuous function on the compact set [0, 1] x [0, 1],
it is actually uniformly continuous. Thus, we can choose > 0 such that whenever

‘ (t7 S) - (t/7 S/) | < 5’
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Spectrum of an operator

4.1 Spectrum of a bounded operator

Definition 4.1. Let H be a complex Hilbert space and T € £ (H) a bounded operator.
The set of complex numbers \ such that the operator T'— X s invertible is called the
resolvent set of T and denoted p(T),

p(T) :={\e€ C; T — X est inversible} .

The elements of p (T') are called regular points of T and for any A € p(T') the operator
(T — XI)~! is bounded and is called the revolent operator and denoted R(\,T) at the
point .

The spectrum of de T is the complement set of p(T') and it denoted o (T')

o(T):=C—p(T)={Ne€C; T — X nest pas inversible} .

Example 4.1. Let p € C and T = pl. We have T — X = (u— \) 1. Thus, T — A\
is invertible if and only if X # p, then o (T) = {u} et p(T) = C — {u}.

Definition 4.2. Let H be a complex Hilbert space and T € £ (H) an operator. A
complex number X € C' is called an eigenvalue of T, if there exists x € H, x # 0
such that Tx = Ax. Such an x is called eigenvector associated to A. The set of all
eigenvalues of T is denoted VP (T).

Lemma 4.1. Each eigenvalue of T belongs to the spectrum of T, that is VP (T) C
o(T).

Proof. Suppose that A € VP(T). Since there exists  # 0 such that Tz = Az,
then, x € ker (T' — AI) consequently, ker (T'— AI) # {0}, and then (T"— AI) is not
invertible. [l

Lemma 4.2. Suppose that H is finite dimensional and T € L(H). Thus o (T) =
VP(T).

40
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Proof. 1t suffices to prove that o(T) C VP(T).

In finite dimensional case, we have dim H =dim (R (7)) + dimker (T") . Let A € o (T)
then, (7" — AI) is not invertible. So T'— \I is either non-injective then ker (T" — A\I) #
{0}, or non surjective, then dim (R (T")) # dim H. Consequently, ker (7' — \I) # {0}.
Thus, there exists 0 # z € ker (T' — AI) therefore, Te = Az and A € VP (T). O

Remark 4.1. In the case when dim H = +o00, it will be exists A\ € o (T') which is not
an eigenvalue.

Example 4.2. Let S € £ ((?) be defined by
S<xn> = (0,1’1,1’2, t ) :

S is not invertible, because R (S) # (*. Thus, 0 € o (S). But 0 can not be an eigen-
value of T, because there is no x # 0 that satisfies Sx = 0.

Theorem 4.1. Let H be a Hilbert space and T € £ (H), then,
L) IfA > (T, A¢o(T),
2) o (T) is closed in C.

Demonstration. 1) If |\ > ||T||, then |\"'T|| < 1 consequently, I — \7'T is
invertible, and T — X = —5 (T — X ) is also invertible, then X ¢ o (T).

2) Define F': C — ZL(H) by F(\) = T — M. We have ||F(\) — F (p)|| =
|(w—=AN)I|| = |AN—pl|, then F is continuous (it suffices to choose o = € in the
definition of continuity). Let C' be the set of all non-invertible operators. It is a closed
set because the set of all invertible operators is open. Consequently, o (T) = F~1(C)
is closed.

Remark 4.2. The spectrum of an operator T is a closed bounded set, then compact
set included in C. It is in the circle of center at the origin and radius || T .

Lemma 4.3. Let T € £ (H), then
p(T)={AeC:xep(D)},
c(T")={AeC:xea(T)}.

Proof. If A € p(T), then T' — Al is invertible, consequently, (T — XI)* = T* — XI is
invertible. Thus, X € p(T*). Similarly, if X € p(T*) then A = A € p(T). Therefore,
A€ p(T) <= X € p(T*) which is equivalent to A € o (T) <= N € 0 (T*). O

Example 4.3. Let S : (> — (% be defined by S (v1, 29,73, +) = (0,21, 22, 3, - *).
Then: if A € C, |\ <1 so X is an eigenvalue of S* and o (S) = {\ € C; |A < 1|}.

Solution. 1) Let A € C, |A] < 1. So that A is an eigenvalue of S*, it suffices that
exists 0 # x € (2, such that S*z = Az, then

($2,$3,$4, o ) = ()\xlv )\l’g,)\l’g, v ) )
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consequently,
(l’2,$3,$4, o ) = ()‘xb)\lea )\31'1, T ) y L1 7& 0.

So that (Axy, A2zy, A3xy, - +) € £? it is necessary that
Yy [N =aty AP < oo,
n>1 n>1

which satisfies only for |[A\| < 1. Thus, A is an eigenvalue of S* with eigenvector
r=(AALN )
2) We have {\ € C: |A| < 1} C 0 (S*), but o (5*) is closed, then

DeC N<ll={ eC: |\ <1} Co(S).

From the above lemma we have, {A € C: |\| <1} C o (S)then{A € C:|A| <1} =
{AeC: N <1rco(9).

On the other hand, since ||S]| = 1. If |A| > 1, then A ¢ o (S) consequently,
o(S)={ eC: |\ <1}.

Theorem 4.2. Let H be a Hilbert space over C, and T € £ (H). then,
1) For any polynomial p, we have o (p(T)) =p(c(T)) ={p(A\) ;A€ a(T)}.
2) If T is invertible o (T7') = {A\"': Neo(T)}.

Demonstration. 1) Let g (z) = p(z)—p (A), since g (A\) =0, thenq(z) = (z — \) 7 (2)
and q(T) = (T — X)) r(T), where r (z) is a polynomial.

If A € o (T) then (T — M) is not invertible, consequently, ¢ (T) = p(T)—p (X\) I =
(T'— X)) r (T) is not invertible, therefore, p(\) € o (p(T)).

Reciprocally, let X € o (p(T)) and define the polynomial q(z) = p(z) — X. The
polynomial p (z) can be written q (z) = c¢(z — 1) (2 — p2) - - (2 — py) for some ¢ # 0
and iy, pa, - - -y pn, € C. Since A € o (p(T)) then q(T) = p(T) — A is not invertible,
accordingly, there exists 1 <1 < n such that T'— p; I is not invertible. Therefore, p; €
o (T). On the other hand, q (u;) = p (1;) — A = 0, which gives A = p (u;) € P (o (T)).

2) Since T is invertible, then 0 ¢ o (T). Thus, every X € o (T) can be written
A= pu~t, and we have

T'—pul = —pT (T = \I),
T— M =-\T(T7" = pl)

where —puT Y and \T are invertibles. Consequently, T—' — pl is not invertible if and
only if T — X is not invertible. Thus,

p=A"'eo(T")= Aeo(T)
and o (T"1)={AN1eC: eo(T)}.
Corollary 4.1. Let U € £ (H) be a unitary operator, then the spectrum of U is
o(U)={ e C:|\=1}.
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Proof. Since U is unitary, then ||U|| = ||[U*|| = 1 and U~! = U*. By the use of
Theorem 4.2 we get

o(U)={ eC:|N <1}, 0(U")={NeC: |\ <1}.
On the other hand

c(U)={AeC:Xx'eo(U")=0(U"}
={XeC: M <1} ={reC: A >1}.

Therefore, the result follows. n
Definition 4.3. Let H be a Hilbert space, T € Z(H) and o (T) the spectrum of T
1) The spectral radius of T, denoted by r,(T), is the real number given by
ro (T) :=sup{|A[; A€o (T)}.

2) The numerical range of T', denoted by W (T'), is defined by
WA(T) == {(Tz,z);[lz[| = 1} .

Example 4.4. If U € Z(H) is unitary, then, r, (U) = 1.
Remark 4.3. Clearly, we have r, (T') < ||T|| .
Theorem 4.3. Let T € £ (H) then,

: nt "
o (T) = I |T"1% = inf 7"

Demonstration. Note by r = 1Igf1 HT”H%, then, it is clear that lim HT”H% > 7.
n-= n—aoo
Let’s prove that

lim |77 = r.
—00
It suffices to prove that lim HT”H% <r.
n—-ao0
For all e > 0, there exists m > 1 such that
1
T || <r+e.
Any n € N* can be written in a unique way n = mp + q avec 0 < ¢ < m — 1. Thus
1 - 1 o L 1
17 = [|[Tmee| = < ) (T
m 2 9 mp q
< [T IT] < (r+e) = [T .

m m
When n — oo, then p — oo and consequently mp_ p — 1 and 4 — 0.
n mp + q n

Therefore, we get
1
lim ||T"||" <7r+e.

n—aoo
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Since € is arbitrarely one gets lim HT”H% < r and consequently lim HT”H% =r.
n—: 00 n—aoo

On the other hand, since ||T"|| < ||T||" we get lim ||T”||% < |7
n—m-=o0
Let A € C, |\ > r, there exists 6 > 0 such that |\ = r + 6. Soit ¢ et n tels que
1
e < 9§ and ||[T"||» < r + ¢e. Therefore

|A| —\r+90

B

The serie of general term § converges and we have
T\" Tem (T\" 1 T\"
‘*T—A”g;(x) Z—ﬁﬂﬁT—A”xgg(x) ZI—XAE;(X)::L

Consequently T — X is invertible and X\ € p(T'). This shows that r > r, (T'), which
completes the proof.

4.2 Spectrum of some operators

Lemma 4.4. Let H be a complex Hilbert space and let T € Z(H) be a normal
operator, then

o(T)Cc W (T).
Proof. Let A € o (T), since T'— Al is normal and non invertible, we have

Va > 0,3z € H; (T — N) z|| < ||z,

therefore, we can choose a sequence {x,} with ||z, || = 1 such that
i (7= A = 0,

consequently

lm [((T — M)z, x,)| < lm |[(T — M) x| ||zn]] = 0,
n—aoo

n—-oo

lim (T)x,,z,) — lim A{(z,,x,) =0.

n—-—ao0 n—-=o0
Thus,
lim (T)xn, x,) = A,
n—-ao0
which shows that A € W (T') and the proof is completes. O

Theorem 4.4. Let T € £ (H) be a self-adjoint operator, then
1) W(T) CR,
2) o(T) CR,
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3) at least ||T|| or —||T'|| € o (T),
4) 75 (T) = sup{|A| : A e W(T)} = [T .

5) for any A € W (T) we have info (T') < XA <supo (T).
Demonstration. 1) Since T is self-adjoint, then (T'x,z) = (x,Tx) = (Tx,x), there-
fore (Tx,z) € R.

2) T is self-adjoint hence, T' is normal, and o (T) C W (T) C R.

3)IfT =0, then 0 € o (T) . Suppose that T # 0 and ||T|| = 1, then, T? is normal
and there exists a sequence {x,} of unit vectors satisfies nli_r)noo |Tz,|| = 1. On the

other hand we have

12 = T%) a|” = (I = T°) 0, (I = T%) )
= [lall* + || T2 ||” — 2 (T %20, 20 )
< Jlanll* + (1T T2al))? = 2(T %20, 70
<2-2(Tx,,Tz,)

consequently lim ||(I — T?) z,||> = 0, there is no a > 0 satisfies ||(I — T?)z| >
n—ma=oo

oz then I —T? is not invertible, therefore 1 € o (T?) = (o (T))*, which entails
that 1 € o (T) ou =1 € o (T).
If|IT|| # 1, we set S = ||T|| " T then ||S|| = 1 and proceed as before.
4) From 3) and the previous lemma we conclude that | T|| < r, (T) < sup{|A\|: A€ W (T)}.
From the inequality of Cauchy Schwarz we get |(Tx, z)| < |Tx| ||| < ||T|| ||z,
then sup {|A| : A € W (T')} < ||T||, which proves 4).
5) Let A\ € W(T) and y € H, such that |ly|| = 1 and A\ = (Ty,y). Let a =
info (T) and p =supo (T). Then, o (fI —T)=p—0c(T) C[0,8 — a] consequently
re (B —T) < B — a. Suppose A < a, then

(BI=T)y,y)=B-A>p—a.
But from 4) B—a =1, (B = T) = sup {((B8] = T)z,z), ||z|| =1} = {(B] = T)y,y) =
B — A, this is a contradiction.

Suppose that A > B, we get o (I'—al) =o (T)—a C [0, —a] andr, (T —al) C
0,8 —«a]. But

(T—al)y.y)=(Tyy) —aly,y) =rA—a=F—-a
Contradiction, which completes the proof.

Corollary 4.2. Let A be a self adjoint matriz with eigenvalues {1, Ag, - - -An} then,
||A|| - Sup{|A1| ) |/\2| y " |)‘n|} .
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4.2.1 Positive operator

Definition 4.4. Let T € £ (H). We say that T is positive if T is self-adjoint and
(Tx,x) >0, Yz € H.
If T is positive, we write T > 0, It T'— S s positive we write T > S.

Example 4.5. 0,1 et TT* are positive.
Lemma 4.5. If T is self adjoint, then T is positive, if and only if o (T') C [0, +o0].

Proof. Suppose that T is positive, then o (T') C W (T") C [0,4o0]. If o (T') C [0, +00]
one get 0 =info (T) < (Txz,x) <supo (T) and hence T is positive. O

4.2.2 Projections

Definition 4.5. An operator P € £ (H) is said to be orthogonal projection if P =
pP* = P2,

Example 4.6. P: C3 — C3, P(z,y,2) = (x,9,0). Since C? is finite dimensional,
P is continuous.

(P(x,y,2), (u,v,w)) =au+yv = ((z,y,2), P(u,v,w)),
then P = P*. Moreover, clearly P = P2.

Lemma 4.6. an orthogonal projection is positive.

Proof. (Px,z) = (P2x,z) = (Px, P*z) = (Px, Px) = | Pz|”. O

4.3 Spectrum of compact operator

In what follows, we let H be a complex Hilbert space and T' € # (H) a compact
operator.

Lemma 4.7. If H is infinite dimensional and T € & (H), then, 0 € o (T).

Proof. 1f 0 ¢ o (T) then, T is invertible, which is in contradiction with the corollary
of compact operators chapter. O

Lemma 4.8. If H is not separable, then 0 € 0, (T)) = VP (T) is an eigenvalue of T'.

Proof. Since T is not separable, then Im (7") # H, consequently, ker (T") = Im (T)L +
{0} . Therefore, there exists 0 # e € ker (T), Te = 0. which shows that 0 is an
eigenvalue of T'. O

Lemma 4.9. Let A\ # 0, then, ker (T' — \I) is of finite dimensional.
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Proof. Note that since T — A is bounded, then ker (T'— AI) is closed, therefore
ker (T"— A1) is a Hilbert subspace of . Suppose that dim (ker (7' — A\I)) = oo, then,
ker (T'— AI) is an infinite Hilbert space. Consequencly, there exists an orthonormal
sequence {e,} C ker (T'— AI). Note that e, € ker (T — AI) then Te,, = Ae,, hence,
for any n # m,

[Xen — Aem|]? = (Aen — Xem, Aen — Aey) = 222,

The sequence {Ae,} is not a Cauchy sequence, therefore is not convergent, and 7' is
not a compact operator, which is not true. O

Theorem 4.5. For any X\ # 0, Im (T — \I) is closed and
Tm (T — AI) = (ker (T* = XI))".

Demonstration. Let {y,} be a sequence from Im (T — XI) that converges to y € H
and let {x,} be the sequence given by y, = (T — \I) .
Since ker (T — M) is closed, then H = ker (T — X ) & (ker (T — AI))*, then the or-
thogonal decomposition of x, with respect to ker (T'— \I) is x, = u, + v, where
Uy, € ker (T — \I) and v, € (ker (T — X))™ .

Our aim is to prove that {v,} is bounded.
Suppose that {v,} is not bounded, then, we can extract from (v,) a subsequence, which
we keep denoted by {v,} for simplicity, such that ||v,| # 0 and nli_)moo |vn|| = co. Set

Wy, = n/ ||vnl|, then {wy} C (ker (T — )" and ||lwy|| = 1, the sequence {w,} is

bounded and we have

(T = M) wy, = (T — ) 22 = In

lonll ol

Thus, lim (T — A)w, = lim Un

—00 n—ro0 || vy, || N
Since T is compact, we can extract a subsequence {wy, } such that {Tw,,} converges.
We infer then that

1 1
lim w,, = X < lim (T — \)w,, — Twnk> = — lim Tw,,

n—aoo n—aoo n—aoo

which shows that {w,, } converges to w = lim w,, with ||w| = 1.
n—aoo

Moreover, we have

(T = A)w= lim (T —A)w,, =0

n——oo
then, w € ker (T — M) . But {w,,} C (ker (T — \))" and consequently
||w - wnk||2 = <w — Wy, W — wnk) =2,

which is in contraduction with lim w,, = w. Consequently {v,} must be bounded.
n—a~oo

Recall that T is compact, then, we can suppose that {Tv,, } converges. Therefore

1 1
lim v,, = lim X (Tv,, — (T = X)) vy,,) = lim — (Tv,, — Yn,)

n—»o0 n—so00 n—soo \
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and hence {vy, } converges to v.
We have
y:nh—1>noo(T_>\I>U"k =(T—-X)v

which shows that y € Im (T — XI) and finally, Im (T — AI) is closed.

Corollary 4.3. If A # 0, then
Tm (T — AT) = ker (T* — A)*

and

Im (T* = N) = ker (T — )" .

Proof. Tt suffices to use the well known results : Im (A) = ker (4*)" and Im (A*)
ker (A)" .

co

Lemma 4.10. Let T € # (H), then, ker (I'— 1) = {0} <= Im (T'— 1) = H.

Proof. Let’s prove that ker (T'—1) = {0} = Im (T —I) = H. Suppose that
Im (T —1)#H.

Set Hy = Im (T — I) & H, then H; is closed and the restriction of 7" on H; is compact,
therefore Hy = (T — I) H; is closed and furthermore T is injective and Hy & Hj.
By continuing the construction as above, we construct a decreasing sequence of closed
subspeces H; D Hy - -- D H,,.

From Riesz’s Lemma, there exists a sequencee {x,} x, € H, such that ||z,|| =1 and

1
“:Un - yH > 57 vy € HnJrl'

For any n > m we have (Tx,, — z,) — (Txy, — xp,) + x, € Hpp,, then

|Txy — Tl = |(Trn — 20) — (T — Tm) + Tn) — T || > %v
which is absurd, since T" is compact. Therefore Im (7' — I) = H.
Next, let’s prove that Im (7" — I) = H = ker (T' — I) = {0} . Suppose that Im (7" — I) =
H, then ker (T* — I) = Im (T — I)™ = {0} . Since T* is compact, we can apply the
first part of the proof on T, we entail then that Im (7" — I') = H and consequently,
ker (" — I) = {0} . The proof is completed. O

Let’s admit without proof the followinf Lemma.

Lemma 4.11. Let {\,} C o (T')/{0} be a sequence of distinct elements such that
An —> A Then, A = 0.

Theorem 4.6. Let H be an infinite dimensional Hilbert space and let T € & (H),
then,

1) If \ € o (T)\{0}, then A€ op (T) =V P (T).
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2) The spectrum of T is either:

i) o(T)={0}, or
ii) o (7)) \ {0} is finite, or

iii) o (T)\ {0} is a convergent sequence to 0.

Demonstration. 1) If A € o (T') is not an eigenvalue, then ker (T' — \I) = 0, and
from Lemma Im (T — AX) = H. Consequently, T — M is invertible, hence
X € p(T) and this contradicts the fact that \ € o(T).

2) Forn > 1, let E, be given by

En:a(T)ﬂ{)\eC;WZ%}.

E, is a compact subset of o (T') . If E,, contains an infinity of distinct elements, we can
extract from E, a convergent sequence to an element X # 0 which contadicts the result
of Lemme |4.11. Therefore, E, is either empty or finite. Since o (T) /{0} = L>JlEn

we can arrange the elements of o (T') / {0} in a decreasing sequence {|\,|} .
If o (T') / {0} is infinite, the sequence {|\,|} converges to 0.

4.3.1 Spectrum of compact self-adjoint operator
Corollary 4.4. If T is compact and o (T") = {0} then T = 0.

Proposition 4.1. Suppose that H is separable and let T € # (H) be a compact
self-adjoint operator. Then, H admits a Hilbertian basis of eigenvectors of T.

Demonstration. Let o (T') / {0} = {A1, A, - - -, A\, -}, Denote by \g = 0 and set
E, =%ker (T — \,1). We have dim Ey < 0o and dim E,, < 0o for all n > 1.

1) The eigen spaces E, are orthogonal anddisjoints of each others. Indeed, if
u € E, and v € E,, with n # m, we have Tu = \,u et Tv = X\, v then

(Tu,vy = A\ (u,v) = (u, Tv) = A\, (u,v)

therefore (u,v) = 0.
2) Let F be the space generated by (Ey),~q . Then, I is dense in H. Indeed, we
have T (F) C F, further, ifu € F*+ and v € F we get

(Tu,v) = (u, Tv) = 0.

Thus, T (F*+) C F*.

3) Let Ty be the restriction of T on F'*, Ty is compact and self-adjoint. Moreover,
if X € o (Ty) /{0} then A € VP (T,) and there exists a sequence 0 # u € F* such
that Tou = Mu. Consequently, X = X\, for n > 0 and therefore u € E, N F+ = {0}
which is absurd. Thus, o (Ty) = {0} and Ty = 0. Consequently, F+ C ker T C F and
we get F+ = {0} which proves that F is dense in H.

4) The Hilbertian basis of H is the union of Hilbertian bases of E,.



Chapter 5

Unbounde operators in Banach
spaces

5.1 Introduction

Let X be a Banach space. In general an operator 7' : X — X is not necessarly
defined on the whole space X but only on a subspace D(T') called the domain of 7.

Definition 5.1. Let D(T) be a subspace of X. An unbounded operator T : D(T') C
X — X is a linear map T' from D(T) into X. D(T) is the domai of T
The operator T is said to be continuous (bounded), if there exists a positive constant
C such that

|Tz|| < [|f|, V2 € D(T).

Definition 5.2. The graph of the operator T is the set
G(T)={(x,y) eXxX:2eD(T),y=Tz}.

Definition 5.3. The operator T : D(T) C X — X is said to be closed if: for any
convergent sequence (x,) C D(T) with x, — x, and Tz, — y, we have x € D (T)
and y =Tx.

Proposition 5.1 (Closed graph theorem). Let T : D(T) C X — X be a linear
operator, if G(T) is closed in X x X then T is closed.

Proposition 5.2. Let X be a Banach space, and T : D (T) C X — X be a bounded
linear operator, then T is closed.

Demonstration. Let (x,) C D(T) with z,, — x, and Tx,, — y. Since T is bounded,
then
y= lim Tz, =T( lim z,)=Tx.

n—-+o0o n—-+oo

Consequently, x € D(T) and y = Tx.

50



CHAPTER 5. UNBOUNDE OPERATORS IN BANACH SPACES o1

Remark 5.1. Usually, D(T) is endowed with the norm
l2llpe = llellx + 1T]x,

called graph norm.
If D(T) is equipped with the graph norm, then any linear operator is bounded,

|Tx||x <|lz|x + | Tz||x = [|=] b

In what follows we suppose that D(T') is endowed with the graph norm and the
operator T' is closed.

Definition 5.4. The resolvent set of the operator T is set
p(T):={ e C:T -\ :D(T)— X is bijective} .

For any A € p(T), the inverse (T'— X)~" is, by the closed graph theorem, a
bounded operator on X and is called the resolvent of 7" at A and noted R (\,T") or
R ()) if no confusion is feared.

Proposition 5.3. Let X be a Banach space, then
T is closed if and only if D(T) is a Banach subspace of X x X.

Lemma 5.1. For )\ € p(T) we have
ARNT)=TR(\T)— 1.
Demonstration.

T(T —MN)™" = (T =X+ X)(T - \)™"
= (T = X)(T = AI)" 4+ XI(T = M)
— I+ AR(\T).

As a result we deduce that R(\,7)T = TR (\,T), because

ROANT)T = R(\T) (T — AT + AI)
=T+ RA\T)N)=T+AR(\T).

Lemma 5.2. Let A, € p(T) then R(\,T) and R (u, T) commute and
RAT) = R(u,T)= A=) RAT)R(u, T).
Demonstration.

A=) R(p, T)RNT) = R(p, T) (M — pI) R(A,T)

= R(u, T)[(T — pI) = (T = AR (A, T)
== R(p,T)(T =D R(AT)
=R\NT)—R(uT).
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Thus

R(\T) = R(u,T)
(A—n)
R(u,T)— R\T)
(=)
—R\T)R(u,T).

R(u, T)R\T) =

Definition 5.5. As for the case of bounded operators, the spectrum of the operator
T is the set

o(T):=C—p(T) ={X € C;(T — X) is not invertible} .
The set o(T) is divided on three parts:
1) Punctual spectrum
op(T) = {X € C; (T — \I) is not injective} .
2) Continuous spectrum

(T) = A € C; (T — M) is injective,
oo\t = Im(T — M) # E and is dense in X [~

3) Residual spectrum

(T) = A € C; (T — A) is injective,
oRE) = (T - M) # E and is not dense in X [~

Example 5.1. On X = C'[0,1] define T, S by T f = Sf with domain

D(T)=C"[0,1] and D(S)={f e C"[0,1]; f (1) =0}.
Then o (T) = C, because for all X € C, there exists f (x) = e such that

(T = AI) f (z) = 0.

o(S)=2e
because, for all f € C'[0,1],

RNS)f (2) = — / A £ () dy.
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University of El Oued

Faculty of Exact sciences 2021/2022
Department of Mathematics Master 1 Maths
Date: May 29" 2022 Duration: 1 Hour

Finish Exam on Spectrum Theory course

Exercise 1. (12 pts)
Let H be a complex Hilbert space and let A € Z(H) be a linear bounded operator.
Suppose that there exist two self-adjoint operators S, T such that A =S +iT.

1) Determine S and 7" in terms of A and A*.

2) Prove that
AA* — A" A =2i(ST - T58).

3) Show that A is normal if and only if ST =T'S.
3) Suppose that A is normal.

i) Compute AA* in term of S% + T2 and prove that :
A is invertible if and only if S? + T is invertible.

ii) Deduce that in this case (A normal) we have
Afl :A*(SQ _i_TZ)fl.
Exercise 2. (8 pts)

Let H be the Hilbert space H = L*([0, 1]) and define the operator T': H — H
by

Tf(x) = /:(:17 —t)f(t)dt.

I:/ﬁx—ﬁﬁ.
0

ii) Prove that T is continuous and ||T’|| < \/ig (use Cauchy Shwarz).

i) Compute the integral

iii) Let g € L*([0,1]) be given. Prove that the equation

f@) = g(a) + [ @ =050
0
has a unique solution, and express the solution as a function on 7" and g.

iv) Deduce that 1 € p(T'), the resolent set of T
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University of El Oued

Faculty of Exact sciences 2021/2022
Department of Mathematics Master 1 Maths
Date: June 21°¢ 2022 Duration: 1 Hour

Replay Exam on Spectrum Theory course

Exercise 1. (8 pts)
Let H be a complex Hilbert space and let T' € Z(H) be a linear bounded operator.

a) Prove that © € H, x # 0 is an eigenvector of T if and only if |(Tz,z)| =
[Tl

b) Deduce that

( T has an eignenvalue A,

SN ) e 2 0] = Land (7)< 7]

Note: Recall that (|(y,x)| = ||y||||z]]) <= (3X € C; y = A\z).

Exercise 2. (12 pts)
Let A : (*(R) — (*(R) be the operator defined by

./4(371, Lo, T3, T4 """ 7) = (0,4%’1,332,4373,1’4, o )
1) Prove that A is bounded and deduce that
lA(zn) |2 < 4] () |2

2) Calculate ||Azyl| for o = (1,0,0,---) and prove that ||A] = 4.
3) Find A? and calculate ||A?||. Then compare ||A?|| and ||A[*.
4) Determine A* the adjoint of A.

5) Is the operator A normal.
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