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European version

In the 17th century Blaise Pascal (1623 -
1662) published the BCT in his book "
Traité du triangle arithmétique"1.

1Edwards, A. W. F., The arithmetical triangle, Oxford University Press, 2013
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2
2See (https://texample.net/tikz/examples/pascals-triangle-and-sierpinski-triangle/)
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Sierpinski triangle
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Indian version

The earliest mention of binomial
coefficients triangle (BCT), were known
to Pingala (2nd century B.C).

In 505
Varãhamihira gave a description of
Pingala’s work3.

3Edwards, A. W. F., The arithmetical triangle, Oxford University Press, 2013
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Muslims version

"Al-Khalil Al-Farahidi" (718-786) used the
binomial coefficients in his book Kitab
Al-‘Ayn.

"Al-kharji" (953-1029) gave the
triangle, repeated by "Omar Al-khayam"
4(1048-1131), also by "Al-Samw’al" (1130 -
1180). After that, Al-Ṫũs̃i (1201-1273)
established many fundamental relations of
BCT.5

4Evelyn Kennedy, The Mathematics Teacher, National Council of Teachers of Mathematics, OMAR
KHAYYAM, 1966

5Rashed, Roshdi, Encyclopedia of the History of Arabic Science, 1996, Routledge
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Chinese version

Another discovery of the BCT was made
by the Chinese in the 11th century and
preserved through the work of the
Chinese mathematician Yang Hui
(1238-1298).

5Eric W. Weisstein,CRC Concise Encyclopedia of Mathematics, Chapman & Hall/CRC, 2002
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1, elsewhere.
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Some binomial coefficients properties

The binomial coefficients appear in the expansion of

(x+ y)n =
n

∑
k=0

(
n
k

)
xn−kyk.

Some properties
n

∑
k=0

(
n
k

)
= 2n,

(
n
k

)
=

(
n

n− k

)
,

r

∑
j=0

(
n
j

)(
m

r− j

)
=

(
n+m

r

)
.
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The generating function of binomial coefficients is given by

∞

∑
k=0

(
n
k

)
xk = (1+ x)n

the double generating function

∞

∑
n=0

n

∑
k=0

(
n
k

)
xkyn =

1
1− y− xy
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Fibonacci sequence

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

Fn =
n

∑
k=0

(
n− k

k

)

Fn+1 = Fn +Fn−1, for n≥ 2,
F0 = 0, F1 = 1.

1 1 2 3 5 8 13 · · ·

· · ·
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Directions in Pascal triangle

In 1963 Raab 6 generalized it to diagonals of direction (1,q) in the generalized Pascal
triangle,

Un =
bn/(q+1)c

∑
k=0

(
n−qk

k

)
xn−(q+1)k yk,

and showed that Un satisfies,

Un = xUn−1 + yUn−q−1.

6Raab, J. A generalization of the connection between the Fibonacci sequence and Pascal’s triangle, The
Fibonacci Quarterly 1.3, (1963): 21-31.
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Directions in Pascal triangle

In 20147 the recurrence relation for any given direction in generalized Pascal triangle
was established,

T(p,q,r)
n =

b(n−p)/(q+r)c

∑
k=0

(
n−qk
p+ rk

)
xn−p−(q+r)k yp+rk.

satisfy the linear recurrence

Tn− x
(

r
1

)
Tn−1 + x2

(
r
2

)
Tn−2 + · · ·+(−1)rxr

(
r
r

)
Tn−r = yrTn−r−q.

7Belbachir, H., Komatsu, T. and Szalay, L., Linear recurrences associated to rays in Pascal’s triangle and
combinatorial identities. Mathematica Slovaca, 64(2014), pp.287–300.
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1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 15 20 15 6 1

71

6

21 35 35 21 7 1

1

1

1
2

4
7

12
21

· · ·

T(2,1,0)
n =

bn/3c

∑
k=0

(
n− k

2k

)

Tn = 2Tn−1−Tn−2 +Tn−3

T0 = T1 = T2 = 1
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Delannoy triangle

1

1 1

1 3 1

1 5 5 1

1 7 13 7 1

D(n,k) = D(n−1,k)+D(n−1,k−1)+D(n−2,k−1).
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Delannoy numbers
The Delannoy numbers D(n,k) count the number of path from (0,0) to (n,k) using
three directions north, north-east or east.

The number of path from (0,0) to (2,2) is given by D(2,2) = 13

The Delannoy numbers can be expressed in term of binomial coefficients as

D(n,k) =
k

∑
i=0

(
k
i

)(
n+ k− i

k

)
=

k

∑
i=0

2i
(

k
i

)(
n
i

)
,

The generating function ∑D(n,k)xnyk =
1

1− x− y− xy
.
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Bisnomiaux coefficients

For a non-negative integer k = 0,1, . . . ,sn, the bisnomial coefficients
(n

k

)
s are given by

(1+ t2 + · · ·+ ts)n =
sn

∑
k=0

(
n
k

)
s
tk,

where
(n

k

)
s known as bisnomial coefficients also as ordinary multinomial coefficients.

The bisnomial coefficients satisfy the recurrence relation, for n≥ 1(
n
k

)
s
=

(
n−1

k

)
s
+

(
n−1
k−1

)
s
+ · · ·+

(
n−1
k− s

)
s
,

with
(0

0

)
= 1 and

(n
k

)
s = 0 for k < 0 or k > sn.
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Trinomial coefficients

(x+ y+ z)n = ∑
i+j+k=n

(
n

i, j,k

)
xi yj zk

The trinomial coefficients satisfy the following recurrence

(
n

i, j,k

)
=

(
n−1

i−1, j,k

)
+

(
n−1

i, j−1,k

)
+

(
n−1

i, j,k−1

)
with

( 0
0,0,0

)
= 1 and

( n
i,j,k

)
= 0 for min{n, i, j,k}< 0.

They count the number of ways to partition a set of n elements to three disjoint
subsets of cardinal i, j,k respectively,

(x+ y+ z)n =
n

∑
i=0

i

∑
j=0

(
n
i

)(
i
j

)
xn−iyi−jzj.
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Dn =
n

∑
k=0

(
n+ k

k,k,n− k

)


nDn = 3(2n−1)Dn−1− (n−1)Dn−2,

D0 = 1,D1 = 3.
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Cn =
n

∑
k=0

(
n

k,k,n− k

)


nCn = (2n−1)Cn−1 +3(n−1)Cn−2,

C0 = 1,C1 = 5.
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Hyperbolic Pascal triangle

1

1

1 1

1

2

3 3
2

Figure: Hyperbolic Pascal triangle on the mosaïc {4,5}

In the mosaïc of type {p,q}, p count the number of edges around a cell and q count
the number of edges related to a vertex.

Belbachir H. Triangle de Pascal ENPEI 15 Mars 2021 28 / 30



Hyperbolic Pascal triangle
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Figure: Pascal triangle on the euclidien mosaïcs {3,6} et {6,3}
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Hyperbolic Pascal triangle

Figure: First layers of hyperbolic Pascal triangle {4,5}
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