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An§d� ,y = Tx ∈ F ,x ∈ E �� ��� �� (1)

‖x‖E = ‖T−1y‖F ≤ ‖T−1‖L(F,E)‖Tx‖F .

.‖Tx‖F ≥ ‖T−1‖−1L(F,E)‖x‖E  Ð�

Tb�Attm�� ,y ∈ Im(T )  � �¡rb� .y w�� T�CAqt� Ty�Att� (yn) = (Txn) �kt� (2)

 � ©� ,TbJw� ¨h�  Ð� T�CAqt� (Txn)

∀ε > 0,∃n0,∀n,m ≥ n0, ‖T (xn − xm)‖F = ‖Txn − Txm‖F ≤ ε.

 � d�� ��As�� ��¥s�� �Am`tFA�

‖xn − xm‖E ≤ ‖T−1‖‖T (xn − xm)‖F ≤ ε,

.yn = Txn → y = Tx ∈ Im(T ) ¢n�¤ ,rmts� T  ¯ ,x w�� T�CAqt�¨h� Ð� �A� w¡¤E ¨� TyJw� (xn) �©�

:¨�A��� �§rmt��

.Tql�� KerT  Ð� ,kerT = T−1({0}) ¤ rmts� T  Am�

Ty�A� Tq§rV

�kt�

 A� rmts� T  Am� ,xn → x �y� (xn) ⊂ kerT

.x ∈ kerT ¢n�¤ ,Tx = 0 ¨�At�A�¤ .Txn → Tx

:��A��� �§rmt��

An§d� C�rmtF®� Tbsn�A� ,T�whs� I TyW� �� d�At�� �km§ (1)

‖x‖1 = ‖Ix‖1 =

∫ 1

0

|x(t)|dt ≤ sup
0≤t≤1

|x|
∫ 1

0

dt = ‖x‖∞

.‖I‖L ≤ 1  Ð�

An§d� ,x(t) = 1 ��� ��

‖Ix‖1
‖x‖∞

= 1 ≤ ‖I‖L.
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xn = tn ⇒ ‖x‖∞ = 1 (2)

.‖x‖1 = 1
n+1 Ty�A� Th� ��

�q�§ C > 0 d�w§  Ð� ,rmts� I−1  � |rf�� ,�l��A� �¡rb�

‖x‖∞ = ‖I−1x‖∞ ≤
C

n+ 1
,

 �d�¯� T�wm��  ¯ ,�y�ts� �@¡¤ ,n ∈ N ¨`ybV  d� �� ��� �� ,C ≥ n + 1  wk§ ,C d�w§ ¢�� ©�

.­ ¤d�� 
sy� Ty`ybW��

I−1  wk� ¢�� ©� ,��AKtl� �An� Tn¡rb� �ybW� An�Ak�A� ,AS§� Ay�An� Y  A� �ÐA� ,Ay�An� �ºAS� X  Am� (3)

.A�A� Hy� Y ¨�At�A�¤ .�k§ �� �@¡¤ �rmts�

.

:���r�� �§rmt��

,Tx(t) = x( t+1
2 ) (1)

〈Tx, y〉 =
∫ 1

0

x
( t+ 1

2

)
y(t)dt

 � d�� s = t+1
2 ⇒ t = 2s− 1; dt = 2ds �Rw�

〈Tx, y〉 =
∫ 1

1
2

x(s)2y(2s− 1)ds = 〈x, T ∗y〉

¢n�¤

T ∗y(t) =

 0, 0 ≤ t < 1
2

2y(2t− 1), 1
2 ≤ t ≤ 1

(2)

〈Tx; y〉 =
∞∑
n=1

αnxnyn =

∞∑
n=1

xnαnyn

.T ∗y(t) = (α1y1, α2y2, ..., αnyn; ...) ¢n�¤

T : L2(R)→ L2(R) (3)

〈Tx, y〉 =
∫
R
a(t)x(t+ h)y(t)dt

 � d�� s = t+ h �Rw�

〈Tx, y〉 =
∫
R
x(s)a(s− h)y(s− h)ds = 〈x, T ∗y〉

.T ∗y(t) = a(t− h)y(t− h) ¢n�¤

(4)

〈Tx, y〉 =
∫ 1

0

(∫ t

0

x(s)ds
)
y(t)dt

=

∫ 1

0

∫ t

0

x(s)y(t)dsdt
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Ty}A��� �Am`tFA�∫ b

a

dx

∫ x

a

f(x, y)dy =

∫ b

a

dy

∫ b

x

f(x, y)dx

 � d��∫ 1

0

∫ t

0

x(s)y(t)dsdt =

∫ 1

0

x(t)
(∫ 1

t

y(s)ds
)
dt

⇒ T ∗y(t) =

∫ 1

t

y(s)ds.

:H�A��� �§rmt��

 A� 	lql� ®�A� T  A� �Ð� (1)

T−1T = TT−1 = IH ⇒ T ∗(T−1)∗ = (T−1)∗T ∗

.(T ∗)−1 = (T−1)∗ : � ©� T 
wlq� �§r� w¡ ¢�wlq�¤ ,	lql� ��A� T∗  Ð�

 A� 	lql� ®�A� T ∗  A� �Ð� (2)

‖x‖ = ‖(T ∗)−1T ∗x‖ ≤ ‖(T ∗)−1‖‖T ∗x‖

⇒ ‖T ∗x‖ ≥ c‖x‖

.c = ‖(T ∗)−1‖−1 �y�

d�� Tq§rW�� Hfn�

‖Tx‖ ≥ c‖x‖

.(2) Y�� (1) �� ��zltF¯� ¨� T∗ þþ� T {§w`t� ��Ð¤ T þ� 	lql� Tyl�A� �zlts� T ∗ þ� 	lq�� Tyl�A�  ¯

.kerT = {0} �¡rb� ��Ð ��� �� ,�§Abt� T  � �ybn� (3)

x ∈ kerT ⇔ 0 = ‖Tx‖ ≥ c‖x‖ ≥ 0

⇔ ‖x‖ = 0

↔ kerT = {0}.

.Im(T ) = H  � �yb� �wF r�A� T  � �Ab�¯

©� ,Tfy�� ¤ Tql�� Im(T )  � 
b�� ��Ð ��� ��

Im(T ) = Im(T ) = H

,Tql�� Im(T )  � �Ab�A� �db�

An§d� .y ∈ Im(T )  � �ybn� ,y w�� T�CAqt� (yn) ⊂ Im(T ) �kt�

yn ∈ Im(T )⇒ ∃xn ∈ H, yn = Txn
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 � ©� ,TyJw� ¨h�  Ð� T�CAqt� (yn)

∀ε > 0,∃n0 ∈ N,∀n,m ≥ n0, ‖Txn − Txm‖ < ε

⇒ c‖xn − xm‖ ≤ ‖T (xn − xm)‖ < ε

.Aht§Ah� x �kt�¤ ,T�CAqt� ¨h� H ¨� TyJw� (xn)  Ð�

.y = Tx ∈ Im(T ) ¢n�¤ yn = Txn → Tx  A� rmts� T  Am�

H = Im(T )⊕ (Im(T ))⊥ T�At� Annkm§ ¢�A� Tql�� Im(T )  Am�  Ð�

.H⊥ = {0}, H = {0}⊥  ¯ Im(T ) = H  A� (Im(T ))⊥ = {0}  � Any� �ÐA�

An§d�

(Im(T ))⊥ = kerT ∗ = {0} ⇒ Im(T ) = H

.Aysk� �r�¥� �bq§ wh� ¨�At�A�¤ r�A�¤ �§Abt� T  ÐA.�§Abt� T ∗  ¯

(1) 1 T\�®�

T ∈ L(H)⇒ T∗ ∈ L(H).

 ¯

‖T ∗x‖2 = 〈T ∗x, T ∗x〉 ≤ ‖x‖‖T (T ∗x)‖

≤ ‖x‖(c‖T ∗x‖)

⇒ ‖T ∗x‖ ≤ c‖x‖.

�� ¨�A§ T ∗ r�¥m�� �§Ab� (2)

0 = ‖T ∗x‖ ≥ c‖x‖ ⇒ x = 0

⇒ kerT ∗ = {0}.

.Tfy��¤ Tql�� Im(T ) Xq�¤ �Ð� �r�A� T  wk§ T ∈ L(H) r�¥� ��� �� (3)

.F⊥ = {0}  A� �Ð� Xq�¤ �Ð� H ¨� Afy�� F  wk§ .¢n� Ay¶z� Ay�A`J �ºAS� F  A�¤ Ay�rbly¡ �ºAS� H  A� �Ð� .(1)

:x As�� �§rmt��

Yl� �O�� z�C�wJ ¨Jw� Tn¡rb� �Am`tFA� (1)∫ 1

0

t2x2(t)dt ≤ ‖t2‖L2‖x2‖L2

=
3√
3

∫ 1

0

x2(t)dt <∞

⇒ Tx ∈ L2([0, 1]).
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(2)

|Tx|2 ≤ t2|x|2 ⇒ ‖Tx‖2L2 ≤ ‖x‖2
∫ 1

0

t2dt

⇒ ‖Tx‖2L2 ≤
1

3
‖x‖2

⇒ ‖Tx‖L2 ≤ 1√
3
‖x‖.

¢n�¤ ‖Tx‖L2 = 1 ¤ ‖Tx‖L2 = 1√
3
An§d� x0 = 1 ��� ��

‖Tx‖L2

‖x‖L2

=
1√
3
≤ sup

0≤t≤1

‖Tx‖L2

‖x‖L2

= ‖T‖L(L2) ⇒
1√
3
≤ ‖T‖L(L2)

‖T‖L(L2) =
1√
3
. ¢n�¤

T� A`m�� �q�§ �¤d`� ry� x d�w§ ¢�A� T þ� Ty��Ð Tmy� λ 
�A� �Ð� (3)

tx(t) = λx(t) V (t− λ)x(t) = 0,∀t ∈ [0, 1]⇒ x = 0

.�¤d`� ry� ����  w� {�An� �@¡¤

.σ(T ) ⊆ [0, 1]  � �tntF� .E Yl� �rmts� A�wlq� �bq§ (T − λI) r�¥m��  A� λ 6∈ [0, 1]  A� �Ð� ¢�� �y� (4)

 Ð� λ 6∈ [0, 1]  � |rfn�

d(λ, [0, 1]) = inf
t∈[0,1]

d(λ, t) = m > 0

L2([0, 1],R Yl� rmts�¤ 	lql� ��A� (T − λI)  � �ybn�

y = (T − λI)x = (λ− t)x⇒ x =
1

λ− t
y

rmts� ¢�� �ybn�¤ L2([0, 1],C) Yl� �r`� ¤ ¨W� (T − λI)−1 r�¥m��  Ð�

‖(T − λI)−1x‖L2 = ‖ 1

λ− αn
x‖L2 ≤ 1

m
‖x‖L2

⇒ (T − λ)−1 ∈ L(L2)

⇒ λ ∈ ρ(T ) V λ 6∈ [0, 1] V λ 6∈ σ(T )

σ(T ) ⊆ [0, 1]. d�� ��zltF¯� �@h� {yqn�� Hk`�� @�A�

:��As�� �§rmt��

T� A`m�� 
lb� �Ð� Xq�¤ �Ð� T þ� Ty��Ð Tmy� λ  wk� (1)

(1) Tx = λx,

.`2 ¨� �¤d`� ry� ®�

ºY�Ak� 1 T� A`m��

(x2, x3, ..., xn, ...) = λ(x1, x2, ..., xn, ...)
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⇒ xn+1 = λnx1;∀n ≥ 1

x = x1(λ1, λ2, ...., λn, ...) ∈ `2 x1 6= 0 ∈ `2 ��� �� ¢n�¤

∞∑
n=1

|λn|2 < ∞ Tlsls��  A� |λ| < 1  A� �Ð�

 � ©� ,Ty��Ð Tmy� λ  � ©� 1 T� A`ml� �¤d`� ry� �� w¡¤

{λ ∈ C, |λ| < 1} ⊆ σp(T ).

 � �l`�¤ |T | = 1  Am�

σ(T ) ⊆ {λ ∈ C, |λ| < ‖T‖ = 1}

σ(T ) = σ(T ) ⊆ {λ ∈ C, |λ| ≤ 1}

An§d� ��As�� ��¥s�� 	s� �k�

{λ ∈ C, |λ| < 1} ⊆ σp(T ) ⊆ σ(T )

⇒ {λ ∈ C, |λ| < 1} ⊆ σ(T ) = σ(T )

­�¤Asm�� ¢n�¤ .C �� �l�� ºz� �yW��  ¯

σ(T ) = {λ ∈ C, |λ| ≤ 1} = D.

S  ¯ �km� ry� �@¡¤ T�¤d`m�� Ty��@�� Tmyq�A� �db� ¯¤� .Ty��Ð �y� �bq§ S  � |rf� ,�l��A� �¡rb� (2)

.Ty��Ð Tmy� Hy� rfO�� ¨�At�A�¤ ,�§Abt�

 A� Ty��Ð Tmy� λ 6= 0 
�A� �Ð�

(0, x1, x2, ..., xn, ...) = (λx1, λx2, ...., λxn, ...)

⇒ x1 = 0, λxn+1 = xn

⇒ xn = 0,∀n ≥ 1

 � ©� ,Ty��Ð Tmy� T§� �lm§¯ r�¥m�� ¨�At�A�¤ .�¤d`� ry�  wk§  � 	�§ ����  w� {�An§ �@¡¤

 A� T ∗ = S  Am� .σp(S) = ∅

σ(S) = σ(T ∗) = {λ ∈ C, |λ| ≤ 1} = D.
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