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03 Tlsls��

:�¤±� �§rmt��

 � �y� .Ay�w�wbV �ºAS� (E, τ) �ky�

.Q�rt� w¡ E ¨� �A}�rtm� ¨htnm��  A��¯� .(1)

.Q�rt� w¡ �A}�rt� �VAq� .(2)

:¨�A��� �§rmt��

.x w�� T�CAqt� E r}An� �� Ty�Att� (xn) �kt�¤ A§rt� �ºAS� (E, d)

.T}�rt� T�wm�� A = {xn} ∩ {x}  � �y�

:��A��� �§rmt��

.E ¨� T}�rt� T�wm�� A �kn�¤ A§rt� �ºAS� (E, d) �ky�

.A �� x �� ��� �� d(x,A) = d(x, a) �q�� a ∈ A d�w� ¢�� b�� .(1)

.d(A,B) = d(a, b) �q�� b ∈ B d�w§ ¢�A� T}�rt� T�wm�� B �A� �Ð� ¢�� �y� .(2)

:���r�� �§rmt��

 A� E �� A}�rt� �ºz� A  A� �Ð� ¢�� �y� .f : E → FE �ky�¤  Ay�w�wbV  �ºAS� (E, τ), (F, τ ′) �ky�

.F �� A}�rt� �ºz� f(A)

.�rmts� AqybW� f : E → E �ky�¤ A§rt� �ºAS� (E, d) �ky� H�A��� �§rmt��

.Tql�� T�wm�� F = {x ∈ E, f(x) = x}  � �y� .(1)

.d(x, f(x)) ≥ δ  wk§ x ∈ E �� ��� �� �y� δ > 0 d�w§ ¢�A� , F = ∅ ¤ Q�rt� E  A� �Ð� ¢�� b�� .(2)

x As�� �§rmt��

Ay�w�wbW�A�  ¤zm��¤ E = {a, b, c, d} T�wm�m�� �kt�

.τ = {∅, E, {a}, {d}, {a, d}, {b, c}, {a, b, c}; {b, c, d}}

.?X��rt� E �¡ .(1)

.TW��rt� A = {b, c} T�wm�m��  � �y� .(2)

.b þþ� TW��rtm�� Tb�rm�� �y� .(3)
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:��As�� �§rmt��

.E ¨�w�wbV ºAS� �� �yy�A� ry� ¤  AW��rt�  �ºz� A,B �ky�

.AW��rt� A ∪B  A� .A ∩B 6= ∅  A� �Ð� ¢�� �y�

:��A��� �§rmt��

.�rmts� AqybW� f ¤  Ay�w�wbV  �ºAS� (E, τ), (F, τ ′) �y� f : E → F �ky�

.EF ¨�CAk§d�� º�d��� �� AW��rt� �ºz� G(f)  A� AW��rt� E  A� �Ð� ¢�� �y�

03 ��C Tlsls�� ��

:�¤±� �§rmt��

.Q�rt� w¡ �y}�rt�  A���  � �¡rb�  � ¨fk§ .(1)

.A þ� T�wtf� TyW�� (Oi)i≥1 �kt�¤ ,�y}�rt� A2 ,A1 �y� A = A1 ∪A2 �S�

 Ð�

A1 ∪A2 ⊂
⋃
i≥1

Oi

⇒ A1 ⊂
⋃
i≥1

Oi, A1 ⊂
⋃
i≥1

Oi

�y� (Oi)i1≤i≤n1
Tyhtn� TyW�� d�w� ,�y}�rt� Amh�Am�¤ A2 ,A1 þþ� TyW�� (Oi)i≥1 ¢n�¤

A1 ⊂
n1⋃
i=i1

Oi

A2 Y�� Tbsn�A� ºYyK�� Hf�¤

A2 ⊂
n2⋃
i=i2

Oi

 Ð�

A ⊂
n′⋃

i′=1

Oj

.n′ = max{n1, n2} ¤ j′ = min{i1, i2}, �y�

.Q�rt� ¨�At�A�¤ ,Tyhtn� Ty¶z� TyW�� �bq§ A ¢n�¤

�l�� w¡ �Aql�� �VAq�  Am�¤ �Aql�� ¨h� ¨�At�A�¤ ,�A}�rt� Ai �y� A =
⋂
i≥1

Ai ; i = 1, 2, 3, ... �S� .(2)

.�l�� A  A�

An§d� «r�� Th� ��

∀i = 1, 2, ...;A ⊂ Ai

.Q�rt� ¨h� Q�rt� ¨� �l�� ¨¡ A   �
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:¨�A��� �§rmt��

A = {xn, n ≥ 1} ∪ {x}

.A þ� TyW�� (Oi)i≥1 �kt�

©�

A ⊂
⋃
i≥1

Oi

Ty�Att� T§Ah� �§r`� 	s�¤  Ð�

∀V ∈ Vx,∃n0 ∈ N,∀n ≥ n0, xn ∈ V,

Oi0 �wtf� d�w� ¢�� ©�

∀n ≥ n0, xn ∈ Oin0
.

«r�� Th� ��

∀n < n0,∃On, xn ∈ On

⇒ A ⊂ Oi0 ∪ (

n0−1⋃
n=1

On)

.Q�rt� A  Ð�

:��A��� �§rmt��

�ybWt�� rbt`� .(1)

f : A→ R+, ; f(y) = d(x, y)

A Yl� rmts� �ybW� w¡

 ¯

∀y, z ∈ E, |f(y)− f(z)| = |d(x, y)− d(x, z)|

≤ d(y, z)

�q�§ a ∈ A d�w§  Ð� ,(rmts� ¨�At�A�¤)�A\t�A� rmts� f ¢n�¤

f(a) = inf
y∈A

d(x, y)

⇒ d(x, a) = d(x,A).

.��As�� ��¥s�� ��� .(2)

:���r�� �§rmt��

.rmts� f : (E, τ)→ (F, τ)

 � ©� f(A) þ� T�wtf� TyW�� (Oi)i≥1  � |rfn�¤

f(A) ⊂
⋃
i≥1

Oi,

3



⇒ A ⊂ f−1
(
f(A)

)
⊂ f−1

(⋃
Oi≥1

)
=
⋃
i≥1

f−1(Oi)

Ah�Am�¤ ,A þ� (�wtf� w¡ rmts� �ybWt� �wtfm� Tysk`�� CwO��  ¯) T�wtf� TyW��

(
f−1(Oi)

)
i≥1  Ð�

 � ©�

(
f−1(Oi)

)
1≤i≤n

Tbhtn� TbW�� d�w� ¢�A� ,T}�rt�

A ⊂
n⋃

i=1

f−1(Oi) = f−1
( n⋃
i=1

Oi

)

⇒ f(A) ⊂ f
(
f−1

( n⋃
i=1

O
))
⊂

n⋃
i=1

Oi

.T}�rt� f(A)  Ð�

:H�A��� �§rmt��

rOn� Aht§Ah� F r}An� �� T�CAqt� Ty�Att� �� ��� ��  A� �Ð� Xq�¤ �Ð� Tql�� F T�wm�m��  wk� .(1)

.x ∈ F  � �ybn�¤ xn → x �y� (xn) ⊂ F �kt� .F ��

«r�� Th� �� , f(xn)→ f(x)  A� rmts� f  Am�

f(xn) = xn → x⇒ f(x) = x

.(�Ofn� ºAS� w¡ ©rt� ºAS� ��) dy�¤ T§Ahn��  ¯

�ybWt�� rbt`� .(2)

g : E → R+, g(x) = d(x, f(x))

 Aqq�§ x1;x2 ∈ E d�w§ ©� ,¢§d� �Cd§ ¢n� ¨�At�A�¤ rmts� f  ¯ rmts� �ybW� w¡

∀x ∈ E, δ = f(x0) ≤ f(x) ≤ f(x1)

.d(x, f(x)) ≥ δ > 0  A� F = ∅  Am�¤

:x As�� �§rmt��

 Am� .(1)

E = {a} ∪ {b, c, d}; {a {b, c, d} ∈ τ

.X��rt� ry� E  A�

.X��rt� A ¨�At�A�¤ Tfy`S�� Ay�w�wbW�� ¨¡ A Á Yl� r�¯� Ay�w�wbV  Ð� τA = {∅, A} .(2)

¢n�¤ {b}, {b, c} ¨¡ b �mK� ¨t�� �AW��rtm�� .(3)

C(b) = {b, c}.
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:��As�� �§rmt��

:Ty�At�� Ty}A��� Yl� ¯¤� �¡rbn�

Ay�w�wbW�A� � ¤z� {0, 1} w�� E �� rmts� �ybW� ��  A� �Ð� Xq�¤ �Ð� X��rt� E ¨�w�wbV ºAS�  wk§

.�A� �ybW� w¡ T`Wqtm��

 Ð� ,�rmts� AqybW� f : (E, τ)→ ({0, 1}, τdisc) �ky�¤ ,X��rt� E  � |rf�

f(E) = {0, 1} ⇒ f−1({0, 1}) = E

¢n�¤ ,rmts� �ybWt� �y�wtfm� �ytysk`�� �y�CwO�� Amh�¯ E ¨�  A�wtf� f−1({1}) ¤ f−1({0}) ¢n�¤

E = f−1({0}) ∩ f−1({1})

⇒ f−1({0}) = ∅ ∨ f−1({1}) = ∅

 Ð� .X��rt� E  ¯

∀x ∈ E, f(x) = c

 Aqq�§ O1, O2 �yy�A� ry�¤  ®Ofn�  A�wtf� d�w§ �V� ,X��rt� ry� E  � |rf�

E = O1 ∪O2, O1 ∩O2 = ∅

�ybWt�� �ky�¤

f(x) =

 1, x ∈ O1

0, x ∈ O2.

.|rf�� {�An§ �@¡¤ ,�A� ry�¤ E Yl� rmts� �ybW� f

©� �A� w¡ A Yl� f CAOt�� fA  A� �yW��rt� A,B  Am� ,�rmts� AqybW� f : A ∪B → {0, 1} �ky�

∀x ∈ A, fA(x) = cA

B Y�� Tbsn�A� ºYyK�� Hf�¤

∀x ∈ B, fB(x) = cB

�y� b ∈ A ∩B ��¯� Yl� d�w§ ¢�A� A ∩B 6= ∅ ¤ X��rt� A  A� A� X��rt� A  Am� AS§�

f(b) = cA = cB

 Ð�

f(A ∪B) = cA

.X��rt� A ∪B ¨�At�A� ¤

:��A��� �§rmt��

�bbWt��

g : X → EF, g(x) = (x, f(x))

 Am�¤ ,rmts� f  ¯ rmts� �ybW� w¡

g(E) = G(f)

.X��rt� G(f)  A� X��rt� w¡ rmts� �ybWt� X��rt� Cw}¤

5


