
© �w�A-rS�� Tm� dyhK�� T`�A�

2022/2021 :Ty`�A��� Tns��

Ay�w�wbW�� Y�� ��d� :xAyq�

�AyRA§r�� �s�

�AyRA§C Ty�A� TnF :«wtsm��

02 Tlsls��

.A§rt� �ºAS� (E, d) �ky� :�¤±� �§rmt��

.(E, d) ¨� �l�� ¨¡ Bf (x, r)  � �q�� .(1)

.B(x, r) ⊆
˚︷ ︸︸ ︷

Bf (x, r), B(x, r) ⊆ Bf (x, r)  � �y� .(2)

Tyqyq���  �d�¯� T�wm�� w�� E �� δ �ybWt�� �ky�¤ A§rt� �ºAS� (E, d) �ky� :¨�A��� �§rmt��

:þþ� y ¤ x �� ��� �� A�r`� Tb�wm��

δ(x, y) =
d(x, y)

1 + d(x, y)

( ϕ(t+ t′) ≤ ϕ(t) + ϕ(t′)  � T\�®� �� ϕ : R+ → R+ T��d�� �Am`tF� �km§) E Yl� T�As� δ  � �y� .(1)

.	y�rt�� Yl� (E, d), (E, δ) ¨� �yt�wtfm�� �y�rkl� Bd(x, r), Bδ(x, r) þ� z�r� .(2)

.E = Bδ(x, 1)  � �y� •

Bd(x, r) ⊆ Bδ(x, r
1+r )  � �y� •

.(E, d) ¨� �wtf� w¡ (E, δ) ¨� �wtf� ��  � �tntF� •

:��A��� �§rmt��

A ⊂ E �kt�¤ A§rt� �ºAS� (E, d) �ky�

.|d(x,A)− d(y,A)| ≤ d(x, y)  � �y� .(1)

.rmts� f(x) = d(x,A) �y� f : E → R+ T��d��  � �tntF� .(2)

:���r�� �§rmt��

.A ⊂ E �kt�¤ A§rt� �ºAS� (E, d) �ky�

.x ∈ A �A� �Ð� Xq�¤ �Ð� d(x,A) = 0  � �y� .(1)

.x w�� T�CAqt� A ¨� (xn)n≥0 Ty�Att� �d�¤ �Ð� Xq�¤ �Ð� .x ∈ A  � �y� .(2)

A �� Ty�Att� �� �A� �Ð� Xq�¤ �Ð� Tql�� A  � �y� .(3)

.A ¨� Aht§Ah�  wk� T�CAqt�
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n,m �y�¤d`� ry� �yy`ybV �§ d� �� ��� �� �y� d : N∗ → N∗ �ky� :H�A��� �§rmt��

.d(n,m) = | 1n −
1
m |

.A§rt� �ºAS� (N∗, d)  � �q�� .(1)

N∗ ¨� TyJw� (n)n≥1 Ty�Attm��  � �y� .(2)

.?�tnts� �ÐA� .N∗ ¨� T�CAqt� sy� Ah�� �y� .(3)

�wþþþþþl���

:�¤±� �§rmt��

�wtf� E\Bf Ahtmmt�  � b�� �l�� Bf  � �Ab�¯ .(1)

E = {y ∈ E, d(x, y) > r}

rk��  � �ybn�¤ ρ = d(x, y)− r > 0 �S� y ∈ E ��� �� E\Bf ¨� �wt�� T�wtf� r�  w�¤ �yn�¤

.E\Bf ¨� �wt�� B(y, ρ) T�wtfm��

z ∈ B(y, ρ)⇒ d(y, z) < ρ = d(x, y)− r

r < d(x, y)− d(y, z) ≤ d(x, z)

⇒ d(x, z) > r

⇒ z ∈ E\Bf .

.B(x, r) ⊂ Bf (x, r) V B(x, r) =
˚︷ ︸︸ ︷

B(x, r) ⊂
˚︷ ︸︸ ︷

Bf (x, r) .(2)

B(x, r) ⊂ Bf (x, r) V B(x, r) ⊂ Bf (x, r) = Bf (x, r).

:¨�A��� �§rmt��

�yt�¤¯�  ¯ (Ty�l�m�� T���rtm��)T�Asml� T��A��� Ty}A��� �Ab�A� ¨ftk� �wF ,T�As� δ  � �Ab�¯ .(1)

.�yt�R�¤

.ϕ(t+ t′) ≤ ϕ(t) + ϕ(t′) �q��¤ d§�zt� T�� ¨¡¤ ϕ T��d�� rbt`� ��Ð ��� ��

An§d�  Ð�

δ(x, z) = ϕ(d(x, z)) ≤ ϕ(d(x, y)) + ϕ(d(y, z))

= δ(x, y) + δ(y, z).
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:An§d� E �� �y� x ��� �� .(2)

∀y ∈ E, δ(x, y) =
d(x, y)

1 + d(x, y)
< 1

V y ∈ B(x, 1)

V E = B(x; 1).

.�R�¤ ¨sk`�� º�wt�¯�

.(3)

y ∈ B(x, y)⇐⇒ d(x, y) < r

⇐⇒ ϕ(d(x, y)) < ϕ(r)

⇐⇒ δ(x, y) <
r

1 + r

⇒ y ∈ B(x,
r

1 + r
).

�wt��  wk� x ¨� z�rm� T�wtf� r� d�w� x ∈ A �� ��� �� ¢�A� (E, δ) ¨� A�wtf� A  A� �Ð�

 wk� d T�Asml� Tbsn�A� T�wtf� r� d�w� δ T�Asml� Tbsn�A� T�wtf� r� ��� �� �k� , A ¨�

.τδ ⊆ τd  � ©� .(E, d) ¨� �wtf� A  � ©� ,Ahy� �wt��

:��A��� �§rmt��

.(1)

d(x,A)− d(y,A) = inf
z∈A

d(x, z)− inf
z∈A

d(y, z)

= inf z ∈ A(d(x, z)− d(y, z)

≤ d(x, y)

d(y,A)− d(xy,A) = inf
z∈A

d(y, z)− inf
z∈A

d(x, z)

= inf z ∈ A(d(y, z)− d(xy, z))

≤ d(x, y)

¢n�¤

d(x,A)− d(y,A) ≤ d(x, y).

.T§ Ayt�¯� T�Asm�A�  ¤z� R CAbt�A� .(2)

f : (E, d)→ R+, |.|)

∀x;∈ E, f(x)− f(y) ≤ d(x, y)

.E Yl� rmts� f ¢n�¤

:���r�� �§rmt��
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.(1)

x ∈ A⇒ ∀ε > 0, B(x, ε) ∩A 6= ∅

⇒ ∀ε > 0,∃y ∈ AE, d(x, y) < ε

⇒ ∀ε > 0, d(x,A) = inf
z∈A

d(x, z) < ε

⇒ d(x,A) = 0.

.A þ� Tq}®� x  � �¡rb�¤ d(x,A) = 0  � |rf� , ¯� Hk`��

©� ,��Ð Yl� �l��A� �¡rbn�

∃ε > 0, B(x, ε) ∩A = ∅

⇐⇒ ∃ε > 0,∀y ∈ A, d(x, y) ≥ ε

⇐⇒ ∃ε > 0, d(x,A) ≥ ε

.d(x,A) = 0  �  w� �� {�An� �@¡¤

.A þ� Tq}®� x  � �¡rbn�¤ x w�� T�CAqt� A r}An� �� (xn) Ty�Att� d�w� ¢�� |rq� .(2)

xn → x⇐⇒ ∀ε > 0,∃n0,∀n ≥ n0, d(xn, x) < ε

=⇒ B(x, ε) ∩A 6= ∅

⇐⇒ x ∈ A.

.x ∈ A  �  ¯� |rf�

∀ε > 0, B(x, ε) ∩A 6= ∅

ε =
1

n
,∃xn ∈ A ∩B(x,

1

n
)

⇒ xn → x.

.(3)

xn → x⇐⇒ ∀ε > 0,∃n0,∀n ≥ n0, xn ∈ B(x, ε)

⇐⇒ B(x, ε) ∩A 6= ∅

⇐⇒ x ∈ A = A.

A ¨� Aht§Ah� T�CAqt� Ty�Att� ��  � |rq� ,Hk`�� b�n�

.A ⊆ A  � b��  � ¨fk§ .�l�� A  � �yb�¤

x ∈ A⇐⇒ ∃(xn) ⊂ A, xn → x ∈ A

⇒ A ⊆ A.

:H�A��� �§rmt��
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.N∗ Yl� T�As� d  � �R�¤ .(1)

An§d� n ≤ m �y� N �� n,m ��� �� .(2)

| 1
n
− 1

m
| < 1

n

.TyJwk�� Ty�Attm�� �§r`� �q�§ n0 = [ 1ε ] + 1 CAt��  � ¨fk§

.A�A� Hy� ºASf��  Ð� .N∗ ¨� T�CAqt� sy� Ty�Atmm�� ¢n�¤ lim
n→∞

1

n
= 0 6∈ N∗ .(3)
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